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TECHNICAL NOTE

Some Comments on a Theorem
of Hardy and Littlewood

R. SznaIDER' AND J. A. FILaR?

Communicated by G. Leitmann

Abstract. In this note, we reconstruct a proof of a classical result due
to Hardy and Littlewood. While this result has played an important role
in the modern theories of Markov decision processes and stochastic
games, it is not that easy to find its proof in the literature in the format
in which it has been applied. Furthermore, we supply either examples
or complete citations for the other related cases which are not covered
by the Hardy-Littlewood theorem.
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1. Introduction

Consider a sequence of real numbers {a,}:%, and a scalar Bel0, 1),
which we shall frequently refer to, as the discount factor. In the modern
literature on discrete dynamic programming, Markov decision processes,
and stochastic games, many authors have studied the relationship between
two methods of aggregating a sequence of costs/rewards, namely, the
method of discounting where

SBY=(1~B) 5 pra,

n=0

represents the discounted cost over (N -+ 1)-stage horizon, and the method
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of Cesaro-averaging where

N
on=sy/(N+ 1)=( ¥ a,,)/(N+ 1)
n=0
represents the average cost over (N+ l)-stage horizon. In particular, the
infinite-horizon case (N = c0) has been studied extensively, where the limiting
behavior of limy_,., /() as B approaches 1 has been an important tool in
analyzing the limiting behavior of o . One of the underlying mathematical
results which makes this analysis possible is a classical result often referred
to as the Hardy-Littlewood theorem. The modern literature on stochastic
games and Markov decision processes contains many references to the
above-mentioned theorem, including some discussion as to its correct form;
see Gillette (Ref. 1), Liggett and Lippman (Ref. 2), Flynn (Ref. 3), Stern
(Ref. 4), Derman (Ref. 5), Heyman and Sobel (Ref. 6), and Thuijsman
(Ref. 7).

In view of the above, the present authors have found it surprising that
it was not easy to recover (either from Refs. 8, 9, 10, or from anywhere else)
the proofs of the precise statements of the Hardy-Littlewood theorem as
they were being applied to Markov decision processes and stochastic games.
Of course, Hardy and Littlewood were developing a general theory of sum-
mability, and could not have anticipated the form in which their theory
would find applications some forly or fifty years later!

The contribution of this note is primarily pedagogical. We provide the
precise statements of the Hardy-Littlewood theorem, in the form in which
they have been applied in the modern literature, and we provide either
complete proofs or exact references for the parts whose proofs we omitted.
We have taken care to ensure that the latter citations contain the omitted
proofs or counterexamples in the same format as they are referred to in this
note. We hope that this note will provide a shortcut for other researchers
who have ah interest in verifying the modern version of Hardy-Littlewood
theorem.

2. Preliminaries, Results, and Examples

A sequence {a,}.>o is said to be C-summable to the limit s if

lim oy=s.
N—-o

A sequence {a,}-¢ is said to be A-summable’ to a if
im (1-0) ¥ pla,=a.
B-1"

n=0

’Here, C(A)-summability stands for Cesaro (Abel)-summability, respectively.
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The following classical results are proved in many sources. We refer the
reader to Zygmund (Ref. 11, Vol. 1, pp. 74-80).

Theorem 2.1. If the sequence of real numbers {a,}xl¢ is C-summable
to s, then it is also 4-summable to s.
Consider an arbitrary sequence {a,}n>0o for which the function

JBY=(1-p) ¥ Pa,

n=0

is well defined for all 8 such that |8|<1; then the following theorem holds.

Theorem 2.2.

lim inf oy <lim inf f(B) <lim sup f(B) <lim sup oy.
N-roo Bt pet” N-co

Of course, Theorem 2.1 also follows trivially from Theorem 2.2, For
historical reasons, and for the sake of consistency with Zygmund’s elegant
presentation (s¢e Ref. 11), we stated both of the above results.

The next theorem contains the result of Hardy and Littlewood which
is often used in the theories of Markov decision processes and stochastic
games.

Theorem 2.3. Hardy and Littlewood Theorem. Let {@s}n=0 be a
bounded sequence of real numbers, and let limg_,- f(B)=a. Then,
limy.,o oxy=a. ,

In Section 3, we present a nearly self-contained proof of this result. The
boundedness condition in the above can be relaxed if we are willing to
assume that the sequence is nonnegative. For the proof of the latter result,
we refer the reader to Hobson (Ref. 8, Vol. 2, p. 185) and Titchmarsch (Ref.
9, p. 227). Since each bounded sequence can be represented as a difference
of two nonnegative sequences, one can see that Theorem 2.3 can also be
deduced in this manner. To see that Theorem 2.3 cannot be extended to
arbitrary sequences, we give the following example which is related to the
example on p. 226 of Ref. 9.

Example 2.1. Consider the following sequence:

_{—k, if n=2k—1,  keN,
" lk+1,  if n=2k, keN U {0}.
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It now follows that

£(B)=(1-p) fZ (k+ 1)(B% — %+
= 3 (=D DBE=1/(1+ P
k=0

where the second equality follows from Cauchy’s multiplication formula for
series,

S BB =(1=B) 3 (Botbit- - +b)PY
k=0 k=0

with
be=(—D*k+1).
Hence,

lim f(B)=1/4,
pat”

and it is easy to check that

liminf ox=0,
N-ooo

while

limsup oy=1/2.

N—oo

The next example invokes Theorem 2.3 to show that the strict inequality
lim inf f(B) <lim sup f(f)
pt” Bt~
can occur even for a bounded sequence.

Example 2.2. Let us consider the sequence {a,},~o as follows:
0,0,1,1,0,0,0,0,1, L, 1, 1,1, 1,1, 1,...,

where each block of zeros or ones is of the same length as the sum of the
preceding blocks. It is simple to check that

16) =k§| B = p™,

lim o+ =1/3, lim ox=2/3.
. k— o0

ko0
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Hence,

lim inf oy <lim sup oy,

N N—oo

which by Theorem 2.3 implies that
lim inf f(B) <lim sup f(B),
B-1” pl”
as well.

Finally, we mention that Liggett and Lippman (Ref. 2) give an elegant
example of a zero-one sequence for which

lim inf on <lim inf f(B).
N-oo p-1"

Of course, for the negative of this sequence, we have that

lim sup f(ff) <lim sup oy.

Bl N-+oo

Thus, we see that, even for bounded sequences, strict inequalities are possible
in every part of the statement of Theorem 2.2.

3. Proof of Theorem 2.3

Here, we present a proof of the Hardy-Littlewood theorem which uses
the following fundamental result due to Littlewood; see Zygmund, Ref. 11,
pp. 81-83. Our proof is based on ideas which can be found in Hardy and
Littlewood (Ref. 12).

Theorem 3.1. Let {u,}.~o be a sequence such that u,=O(1/n) and
limg_.,- ¥, B"uy exists. Then, the series Y u, is convergent, and

Y u,=lim Y B",.

n=0 g
Proof of Theorem 2.3. Since

(1-p) § p'=1, for all |gj<I,

n=0

we have that

lim f(B)=4
pst
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if and only if

lim_(1-p) S B(an—A)=0.

n=0

Also,

lim o,=0

n-»c0

if and only if

lim [(@p— o)+ -+ (a,~0)]/(n+1)=0.

n-~»o00

Thus, it is enough to show that

lim f(f)=0 implies that lim g,=0.
B1”

n— oo

Consider

W _{0’,,—0’,,4=(na,,—-s,,_|)/n(n+l), ifnx>1,
" Go=dy, if n=0.

Since {a,}.20 is bounded, na,= O(n) and s, = O(n), then
w,=O(1/n*)O(n) = O(1/n).

Define an auxiliary function,

gB) =3 wf'= 3 af’ /it )= T s, f/nin+1).

n=0 n=0 ne=i
Thus,
BeB)= T af™* (kD)= § 5,872/ [(n+ D(n+2)]
n=0 n=0
B/l ‘ B L
= (Eer)o(] ) (£)
0 n=90 g 0 n=0
where

B 2 g '
(J dy) h(y)=J U h(y) dy]d!

(M
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denotes the second antiderivative of h(y). Now, using the well-known
identity

(2]

S af=(1-p) 3 s,

n=0 n=0
and recalling that
SB/=P)= ¥, a.p’

we obtain

@©

Y sB"=1(B)/(1-B)". (2)

n=0

Using the hypothesis that
lim f(8)=0,
B-t”

we obtain from (1) and (2) that

B B[ e
ﬁg(ﬂ)=f S/ =y) dy—_[ U S/ -y) dy] dr.
0 0 V]
Integrating the second term by parts, we obtain

B B
ﬁg(ﬂ)=_[ T/ -y) dy-J B-Sf)/A~—y)idy
0 0

p
=(1—ﬂ)J S/ =y dy

=(1-p)-[(/(1=P)) - o(1)] -0, as f—1".

We have now proved that

(e o)

gP)=Y w,f">0, asf-1".

n=0
Recalling that w,= O(1/n), we now obtain from Theorem 3.1 that
Y w,=0.
=0

n

Since
n
0,= z Wi,
k=0

we have proved that
lim ¢,=0,

n—»oo

as required. {1
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The numerical experiments show that the function in Example 2.2
approximately satisfies

liminf f(f)=~0.4984, limsup f(f)=0.5027,
p—1t B—1

which, in comparison with

liminf oy=1/3, lim sup ox=2/3,

N—oo N—oo
shows that this single function strictly distinguishes all the terms in
Theorem 2.2.
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