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Summary. Let C™ (T') be the space of all m-times continuously differéntiable complex valued func-
tions on the unit circle T- To each infinite sequence of integers {n,} the following subspace is being

assigned: the set of all fe C™(T) for which the Fourier coefficients f(n) are vanishing whenever
né {m}. It is proved that the subspaces in C(T)=C°(T) and C™(T) corresponding to {n,} are
isomorphic. Similar result holds for the disc algebras 4 and A™ of functions analytic inside, con-
tinuous and m-times continuously differentiable on the boundary of the disc respectively.

Let us consider for a given nonnegative integer m the Banach space C™ (T)
(C° (T)=C(T)) with the norm

alf =Y 1l -
Ji=0

In what follows we denote by {r,) fixed but arbitrary infinite sequence of integers.
The set of all integers is denoted by Z, the set of all positive integers by N and
N, =Nu{0}.
In C’(T) the following subspaces are defined:
KI(T)={feC/ (T): f(m=0,n¢ {n}},

K(-)' (T)={f€KJ(T)f(0)=O}, jGN.,.,
where

fn =—1—fnf(t) e~ di, nel
2n J ’ )

Since the Fourier coefficients are continuous linear functionals it follows that
K (T) and K3 (T) are Banach spaces.

THEOREM. The spaces K’(T) and K'**(T) are linearly isomorphic (F7eNL).
Proof. Let us define the operator S: K3 (T)—»C/*' (T)

t
Sf@)= [ f(s)ds
Let G:KJ(T)-K}**(T) be the periodic integration operator:

Gf (1)=Sf (®)—SF(©).
[19]
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Let us now compute the Fourier coefficients of the function Gf for fe KJ (T).
AN N\
For n#0 Gf (n)=Sf(n), and

A 1 n t
Sfm=—— [ e [ f(s)dsdt=
. '1 T n 1 )
_.—_:2—” ff(s)f e~ intdy de= —E(“f(n)+e"’""f(0))=0

PN
whenever n ¢ {n,}, as well Gf(0)=0.

It means that for all n¢ {n,} Gf(n)=0 and therefore Gfe Ki*' (T).
The operator G has the following properties:
(a) G is continuous linear operator:

J*1 Jj+1

serlGfl= 3 H(Gf)""ilw =16 ot D1 D)= | :

=l(Gfll + I/ 147 fll. + 1 1< @m+ 1) {11,
whence |G||<4n+1.

(b) G is monomorphism.
(c) G is epimorphism:
If Fe K3*' (T) then F' e C/(T) and in addition

N 1 n
F'(n)=—— [F (e dt=(in) F (n)

F(n)—F(—mn)
27 T

This implies that F' € K (T), but F=GF’, i.e. G is inverse to differentiation.

Using the Banach theorem on inverse operators, we find that
G: K} (T)-K*' (T) is an isomorphism.

Now, if 0¢{n} then KJ(T)=K’(T) and KJ+1 (T)=K’*1(T) so K/(T)
and K/*!'(T) are isomorphic. If Oe{m}, then KJ(T)®C~K’(T) and
K (D@ C~ K+ (T).

Consequently,

for n¢{n} and n#0, as well as F'(0)=

K(T)~K{(T)® C~Ki*(T) @ C~ K1 (T),
isomorphism I:K'(T)-»K**(T) is given by the formula:

If (=G (f—1©) ()+1©0).
COROLLARY 1. For given me N, we have K(T)=K° (T)~ K™ (T).
By the Theorem the m-th iteration I™ of I gives the required isomorphism.

The next corollary is preceded by the following remarks. According to the maxi-
mum modulus principle, 4 (D) can be identified with A (T') the space of all fe C(T)
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which are boundary functions for the functions from A (D). If follows now by a
known result (cf. [4], Theorem 2.2.1) that

A(M)={fe C(T): f(n)=0,n<0}.

We also introduce the space
A" (D)={f:f®P e A (D), k=0,1,..,m},

where f® is the k-th complex derivative of f.
In A™ (D) the following norm is given

wlF1= D 1Pl

j=o0
Now if we consider

A" (T)={f:f=glr, g€ A" (D)}

with the norm induced from C™(T), then by [2] (Theorem 3.11)
A" (D)~ A™(T).
Moreover by the results quoted above
A" (T)={fe C"(T): f(n)=0 for n<0}.

Let {n,}=N,, then by these remarks and by Corollary 1 we get

COROLLARY 2. The spaces A(T)=A (D), A™(T) and A™ (D) are isomorphic.

Remark. It is easy to see (by the proof of the Theorem) that the operator L
defined on polynomials

n

n ~k
L(W»=L(Zak zk)=ao+(—i)m D
k=1

k=0

can be extended to the isomorphism from A4 (D) onto A™ (D).

Since it is known ([1]) that the space 4*(T) is weakly sequentially complete by
Corollary 2 we get

COROLLARY 3. The space [A™(T)]|* is weakly sequentially complete.

Taking {n,}=Z we obtain by the Corollary 1 that the spaces C(7T’) and C"(T)
are isomorphic.

In the case of n,=2* (k € N) by Sidon’s theorem ([3], p. 121) and by the Corol-
lary 1 we get

K (=1, jeN,.
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P. llnanaep, O u3omopdubix noanpoctpanctsax B C (Tyn C™"(T)

Conepxanme. Ilycte C™ (T)— npoCTpaHCTBO BCexX m-pa3 HENPEPHIBHO IHG(epeHIIEPYEMBIX KOM-
TUICKCHBIX QYHKIWMH Ha euHHYHOM okpyxHocTH T. [ Kax 10l 6eCKOHETHOM HOC/ICIOBATENEHOCTH
UENTbIX 4HCET {#} PACCMATPHBACTCS NOANPOCTPAHCIBO BCex fe C™ (T), ans xoropeix KodIbhbhH-
nueHTH ®ypre f (n) obpamarotcs B ByabL OpH 1 ¢ {n}. Hoxaszamo, 4To BCce HOOIPOCTPAHCTBA B
C(T)=C°(T)u B C"(T), COOTBETCTBYIOIIME ONHOM H TOH e NOCIIEIOBATENLHOCTH {1}, U30-
MOpOHBI. AHaJIOTHYHEIN Pe3ylbTaT MMEeT MECTO s anre6p 4 U A™ GyHKUMIT aHAMHTHIECKHX

BHYTPH €IHHHYHOTO KPYIa M HeIPEPHIBHBIX (COOTBETCTBEHHO M-pPa3 HENPEPhIBHO muddeperyupy-
€MEBIX) Ha TPaHMLE Kpyra.




