ON THE LIPSCHITZ CONTINUITY OF THE SOLUTION MAP IN SOME
GENERALIZED LINEAR COMPLEMENTARITY PROBLEMS

Roman Sznajder and Seetharama Gowda!

Abstract: This paper investigates the Lipschitz continuity of the solution map in the
settings of horizontal, vertical, and mized linear complementarity problems. In each of these
cases, we show that the solution map is (globally) Lipschitzian if and only if the soluiion map
is single-valued. These generalize a similar result of Murthy, Parthasarathy, and Sabatini
proved in the LCP selting.

1 Introduction

This paper is a continuation of our recent efforts to understand the Lipschitzian behavior
of the solution map arising from piecewise affine equations. For the linear complementarity
problem (LCP), see Section 4, corresponding to a matrix M € JR"*", Murthy, Parthasarathy,
and Sabatini [8] have shown that the solution mapping

g—8(g):={z:2>0,Mz+¢>0, and z'(Mz+gq)=0}

is (globally) Lipschitzian on R™ if ard only if § is single-valued (equivalently, M is a P-
matrix). The main aim of this paper is to show that a similar result is valid in the contexts of
horizontal, vertical, and mixed linear complementarity problems, see Section 4 for definitions.
Unlike [8] (where the analysis, though elementary, is based on LCP ideas), our approach is via
piecewise affine functions. In [6] Gowda and Sznajder showed that a piecewise affine function
f:IR® — IR" is surjective and the inverse map f~' is Lipschitzian on IR™ if and only if f 1s
open (or equivalently, coherently oriented); moreover, when the branching number of f is less
than or equal to four, these conditions are equivalent to [ being a homeomorphism. While
this result can be immediately applied to the LCP (via the mapping f(2) := Mz* ~z7)
and more generally to the affine variational inequality problem (AVI) (via the normal map)
[6], it cannot be applied directly to the horizontal, vertical, and mixed LCPs. However, as
we see below, simple transformations will allow us to rewrite these problems as piecewise
affine equations where the above result could be applied.

2 Preliminaries

Throughout this paper, B denotes the closed unit ball in the space under consideration.
We define z Ay, £ Vy, and (z,y) (= z7y) as, respectively, the componentwise minimum,
componentwise maximum, and the usual inner product of vectors z and y. Also, rt = zVv0
and ¢~ = (—z) V0.

For a comprehensive treatment of piecewise affine functions, see [2] or [13]. Formally, a
continuous function f : IR® — IR™ is called piecewise affine if there exists a set of triples
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(Q,Aj,¢;) (j = 1,2,...,K) such that each ©; is a polyhedral set in IR" with nonempty
interior, A; € R™*", a; € IR™, and

(a) R* = Uf‘:lﬂﬁ

{(b) For i # j, Q;NQ; is either empty or a proper common face of ; and Q;. In particular,
int Q; Nint Q; =0 for i # j;

(c) f(g)=Aiz+a; for zey, i=12,... K.

We shall refer to 4; (i = 1,2,...,K) as the matrices of f (or matrices defining f). The
collection {Q;,1=1,2,...,K} is said to be a polyhedral subdivision of IR* corresponding
to f.
The branching number of this polyhedral subdivision (or simply that of f) is the maximal
number of Qs that have a common face of dimension (n — 2).

When m = r, we say that f is coherently oriented if all the (square) matrices correspond-
ing to f have the same nonzero determinantal sign.

Piecewise affine functions can also be described equivalently {13] as follows. A continuous
function f : IR® — IR™ is piecewise affine if there exist affine functions fi, f2,..., fs from
R™ to R™ such that

f(z) € {fi(z), fo(z),. .., f1(x)} forall ze€&IR".

This formulation is particularly useful in studying examples.
We shall say that a multivalued function G : R™ — IR™ with the domain domgG is
Lipschitzian if there exists a positive number 7 such that

G(y) CG(z) + 7vlly— 2||B forall y,z€domG,

The above condition implies that G is lower semicontinuous on dom G where we define lower
semicontinuity of G on a set Y C dom G as follows: for each sequence {y*} in Y converging
to§ € Y, and for any € G(7), there exists a sequence {z*} in ran G such that z* € G(v*)
for each k and {z*} converges to Z. When G is polyhedral (that is, the graph of G is a
finite union of polyhedral sets) whose domain is convex (or more generally, Lipschitz path-
connected), lower semicontinuity turns out to be equivalent to the Lipschitzian property 7).
With specific applications in mind, we shall restrict our attention to the case when G is
the inverse of a piecewise affine function. The following results from [7} are crucial for our
analysis.

Theorem 1 Suppose that f : R® — IR™ is piecewise affine and the range of f has nonempty
interior. If f~1 is lower semicontinuous on the range of f, then the matrices corresponding
to f are nonsingular.

Theorem 2 Assume f : R® — IR™ is a piecewise affine function. Then the following
conditions are equivalent:

(a) f is surjective and f-1! is lower semicontinuous on IR".
(b) f is surjective and f~! is Lipschitzian on IR".
(c) [ is cokerently oriented.

Moreover, when the branching number of f is less than or equal to four, these conditions are
equivalent to
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(d) f is @ homeomorphism.

We should note here that a piecewise affine function from IR into itself is a homeomor-
phism if and only if it is injective, and coherently oriented if and only if it is an open map,
see Thm. 2.3.1 and Prop. 2.3.1 in [13]. Also, the equivalence of (c) and (d) holds under
conditions (involving the so called k-th branching number) weaker than what is stated here,
see [13] Thm. 2.3.7.

3 The main result

We see from the equivalence of (a) and (d) in Theorem 2 that lower semicontinuity of f~!
on all of IR® guarantees the unique solvability of the equation f(z) = ¢ for all ¢ € R*. We
may ask whether such a result is valid if we replace IR™ by a subspace of IR". To be precise,
let f: IJR® — IR be piecewise affine, Y be a subspace of R", f~}(¢) # @ forall g € Y,
and f~! is lower semicontinuous on Y. Does it follow that f(z) = ¢ has a unique solution
for all ¢ € Y? Even under the branching number condition, this question does not seem to
have a simple and clearcut answer. The Lipschitzian behavior of the solution map arising in
horizontal, vertical, and mixed linear complementarity problems is related to this question.
Fortunately, the extra structure available in the formulations of these problems allows us to
apply Theorem 2 in an appropriate way.

We now present our main result. Applications of this to various complementarity prob-
lems will be discussed in the next section.

Let ¢ : IR™ x R™ — IR* be a function with the following properties:
(a) 9 is piecewise affine, onto,
(b) branching number of ¥ is less than or equal to four, and

(c) there exist matrices P € R"** and Q € R™** such that

Yz, y)=r <=z - Pr,y—Qr) =0 forevery r.

A simple example of such a function is ¥(z,y) =z Ay.

Now consider the piecewise affine function H : R® x R™ — IR’ x IR* defined by

= (45220

where M € R™"™, N € R'™*™ 1t is clear that H is piecewise affine and the branching number
of H is less than or equal to four.
For a given ¢ € IR', we consider the equation

H(z,y) = < g )

and let S (g) denote the solution set of this equation. We have the following result charac-
terizing the Lipschitzian behavior of S .

(1)
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Theorem 3 Consider the above H with n+m =k + . Then the following are equivalent:
(i) S(q) # 0 for allg € R' and the map q— S (q) is Lipschitzian on IR'.
(ii) S(q) # 0 for allq € R' and the map q+— S (q) is lower semicontinuous on R

(i1i) |S(q)| =1 for allg € R

(iv) H is coherently oriented.

Proof. The implication (i) => (ii) is obvious. Assume (ii). For any ¢ € IR’ and r € R*, it
follows easily from property (c) of ¥ that

A7 (1) = (Pran 45 (g~ MPr - NQn), @

iFrom this equality we easily verify that the piecewise affine function H is onto and H~!
is lower semicontinuous. Since the branching number of H is less than or equal to four,
from Theorem 2, we see that H is a homeomorphism. By putting » = 0 in the above
equality, we see that |S(g)| = 1 for all ¢ € R'. This is (¢i7). Now suppose (iii) holds. Then
|S(¢g — MPr— NQr)| = 1for all ¢ and r. By the equality (2), H is one-to-one, i.e., it is a
homeomorphism. By Theorem 2, H is coherently oriented, thus proving (iv). Finally when
(iv) holds, by Theorem 2, H is surjective and H~! is Lipschitzian on R' x R*. Restricting
H~1 to R' x {0}, we see that S is Lipschitzian on IR'. Thus we have (3). n

Theorem 4 Let n+m =k +l. Suppose that S(q) # @ for all ¢ in some open subset £ of
R'. If the mapping S : q — S(q) is lower semicontinuous on the domain of S, then the
matrices that define H are all nonsingular.

Proof. Under the given assumption on S, it follows from (2) that H~!(p) will be nonempty
for all p in some open set, moreover H~! is lower semicontinuous on ran H. Now the
conclusion follows from Theorem 1. [ ]

4 Applications

In this section we specialize the previous two results to horizontal, vertical, and mixed linear
complementarity problems.

To begin with, recall that the linear complementarity problem LCP(M, g) [1] is to find a
vector z such that

>0, Mz+¢>0, and zT(Mz+4¢)=0 3)

where M € IR**" and ¢ € IR®. This problem is equivalent to solving the piecewise equation
z A (Mz + q) = 0 or the piecewise equation Mzt — z~ = —q.

4.1 The horizontal linear complementarity problem

Given a pair of matrices A, B € IR™*" and a vector ¢ € IR™, the horizontal linear com-
plementarity problem, HLCP (4, B,q) [14], {15] is to find vectors = and y in RR" such
that
Az - By =¢
ztAy=0.
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This problem can be formulated as a piecewise linear equation H(z,y) = ( g ) where

(4)

Az — By
zAy )

H(r,y)=[

As before, S (¢) denotes the solution set of H(z,y) = ( g > Note that this H is like the

one given in (1) with ¥(x, y) = zAy. Clearly this  is piecewise affine, onto, and ¥(z,y) =r
implies that 9(z —r,y —r) = 0. The polyhedral subdivision corresponding to this ¥ is given
by {Qs :a C{1,...,n}} where

Qa={(z,y) ER*xR": z, > ya, zg < yp} for a C{l,...,n} and F:=a".

It is easily seen that the branching number of ¢ is less than or equal to four. Thus Theorem
3 is applicable.

Theorem 5 Consider the horizontal LCP corresponding to the matriz pair (A, B). Assume
that A and B are square. Then the following are equivalent:

(a) (A, B) is a Q-pair (that is, for everyq € R™, S (q) # 0) and the solution map ¢ — S (q)
1s Lipschitzian.

(b) (A,B) is a Q-pair and the solution map ¢+ S(q) is lower semicontinuous.
(c) 1S@l=1VeeR".

(d) All the column representative matrices of (A, B) have the same nonzero determinantal
sign.

We recall that an n x n matrix C is a column representative of (A, B) if for each j, the jth
column of C is either the jth column of A or the jth column of B.

Proof. The equivalence of (a), (), and (c) follow immediately from Theorem 3. We complete
the proof by showing that (d) is nothing but the coherence property of H: on the polyhedral
set ), described above,

o[ (5122 1575

By the Schur determinantal formula [1] (p. 76), [10], the determinant of the matrix defining
H on Q, is det{A., B.g] which is precisely the determinant of the column representative of
(A, B) corresponding to the index set a. Thus the coherence property of H is condition (d)
of the theorem. n

Some comments regarding the above theorem are in order. The above result can also
be derived using Theorem 19 in {15] by reducing the HLCP problem to the classical linear
complementarity problem and then applying the theorem of Murthy, Parthasarathy, and
Sabatini [8] mentioned in the Introduction. At the same time, it is possible to deduce this
result of Murthy, Parthasarathy, and Sabatini from Theorem 5. We shall omit the details.

At this stage, one may ask whether Theorem 5 is valid for non square matrices. It is
known that uniqueness can be achieved in the HLCP only when A and B are square [3].
How about the Lipschitzian property of the solution map? The following proposition and
example pertain to this question.
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Proposition 1 Assume that (A, B) is a Q-pair where A,B € R™*" and the solution map
g+ S(q) is Lipschitzian. Then m < n.

Proof. Suppose, if possible, that m > n. Then HLCP (4, B, q) can be written as

ztAy=0
Aiz-Biy=q
Az —Bay=gq;

where A;, By € IR**", A, By € IR(""")"",ql € R*, and ¢» € R™™". Obviously,
(A1, B1) is a Q-pair. Let (z*,y*) € S(A1,B1,q1). Since the solution map for the pair
(4, B) is Lipschitzian, we have

x o N
(1‘ 'Y )ES (A,B,< Azx*—Bzy' )) g

s (42.(8))+7] (e ) - (2]

Now let §; be arbitrary and g2 = A2z* — Byy*. Then (z*,y*) € S (A1, By, Q1)+
¥|lg1 ~ @1]|B. It follows that the solution map §; — S (A1, B1,§1) is Lipschitzian and hence
Theorem 5 shows that the problem HLCP (A, By, §1) has a-unique solution. For a given g; €

R™, take qa # Asz™ — Bay* with (z*,y*) € S(A1, B1,41)- Then, HLCP (A,B, ( Z: ))
has no solution, contradicting the assumption that (A4, B) is a Q-pair. Hence m < n. n

In the following example, m is less than n, the matrices 4 and B form a Q-pair, and
the solution map is Lipschitzian, yet the corresponding HLCP has more than one solution.

Example. Let
Olz~[I0ly=g¢
zAy=0

where I denotes the m x m identity matrix, z and y are in IR*. An easy inspection shows
that Vg € R™,

S(9) = ((¢%,0),(¢7,0) + L

where L := {((0,u),(0,v)): uAwv=0}. Evidently, ({I 0], [I 0]) is a Q-pair, and the corre-
sponding solution map is Lipschitzian, yet |S (¢)| > 1.

Here is an application of Theorem 4.

Theorem 6 Let n = m. Suppose that HLCP (A, B,q) has nonempty solution set for every
g € £ C IR® with int £ # 0. Also, assume that the solution map ¢ — S(q) is lower
semicontinuous on the domain of S. Then all column representative matrices of (A, B) are
nonsingular.

Proof. We saw in the proof of Theorem 5 that the determinants of column representative
matrices of (A, B) are nothing but the determinants of the matrices defining H (given by
(4)). The equality (2) shows that H~1! is lower semicontinuous on the range of H. The same

q
0

complete the proof, we need only quote Theorem 1. u

equality shows that if § € int £, then ) belongs to the interior of the range of H. To
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4.2 The vertical linear complementarity problem

Given
M= (Ml,Mz,...,Mk) and q-= (q1>q2,~--,q1c),

where each M; is an n x n matrix and ¢; is an n-vector, the VLCP (M, q) 5], {14], [15] is
to solve the piecewise affine equation

(Miz+ @) A(Maz + g2) A - A{(Mrz + q¢) = 0. (5)

We shall write ®(q) for the solution set of this equation.
By introducing the variables y' = M;z + g;, we can write the above equation as

a
q2
F(x,yl,...,yk)z : (6)
Qk
0
where
yl - Ml.’C
y2 ol le‘
F(zrylvyzx"'ayk) = .
ylc — Mk:c
YA LAY

with 3/ denoting the jth vector (and not the jth coordinate).
Let S(q) denote the solution set of (6). Note that the mappings &, S, and F~! have
similar lower semicontinuity (Lipschitzian) behavior. This can be easily seen by the equalities

q1 q =7
q2 gz =T
Ft : =(0,7‘,1',...,1‘)+F-1 : ]
qk gk —T
r 0
and
/51
92
F_l ={(x»M11?+¢11;M2z+Q2;-~-:Mk1'+‘Ik):ze‘i(q)}- (8)
qk
0

For I=(ly,...,0;,...,I,) with i € {1,...,n} and ; € {1,..., k}, we put

n

G=N{Ey . PF)eR xR x - xR : (¥)i 2 (¥")} (9)
=1l

Certainly, {Q;} forms a polyhedral subdivision associated with the piecewise linear mapping
F. Withy=(¥',...,v%), and ¥(z,y) := y* Ay A...Ay*, the above F looks like H defined
in (1). Since % has branching number less than or equal to four, Theorem 3 is applicable.
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Theorem 7 Consider the vertical LCP corresponding to M. Then the following are equiv-
alent:

(a) M is of type Q (that is, for every q € R" x --- x R®, ®(q) # 0), and the solution
map q — ®(q) is Lipschitzian.

(b) M is of type Q, and the solution map q — ®(q) is lower semicontinuous.
(c) |B(q)|=1 forallqe R" x---x R".
(d) All row representative matrices of M have the same nonzero determinantal sign.

The equivalence of the first three items follows (via the mapping F) immediately from
Theorem 3. Only item (d) requires an explanation. By definition, an n x n matrix C is a
row representative of M if for each index j, the jth row of C belongs to the set consisting
of jth rows of matrices My, M>,..., M;. It can be shown that the determinant of a row
representative of M is the determinant of a matrix that appears in the piecewise affine

formulation of F' and conversely. Theorem 3 now gives the equivalence of (¢) and (d). The
equivalence of {c) and (d) also follows from Theorem 17 in [5)].

The following result is an analogue of Theorem 6.

Theorem 8 Suppose that VLCP (M, q) has nonempty solution set for every q € £ with
int £ # Q. If the solution map q — B(q) is lower semicontinuous on the domain of ®, then
all row representative matrices of M are nonsingular.

Proof. In view of equalities (7) and (8), the lower semicontinuity of ® implies the lower
semicontinuity of F~! on the range of F. To complete the proof, we need only show that the

range of F has nonempty interior. This is easily seen since for q € £, the element < 8 )

belongs to the interior of the range of F. L]

4.3 The mixed linear complementarity problem

Given matrices A € R"*", B € R"*™, C € R™*", and D € R™™, and vectors a € IR"
and b € IR™, the mixed linear complementarity problem [4] is to find vectors z € IR™ and
y € IR™ such that
Az +By+a=0,
u=Cz+Dy+b,
uAy=0.

Let S(a,b) denote the solution set of the above MLCP.
Theorem 9 The following are equivalent.

(1) For all (a,b) € R™ x R™, |S(a,b)| # 0, and the solution map (a,b) — S(a,b) s
Lipschitzian.

(2) For all (a,b) € R™ x R™, |S(a,b)| # 8, and the solution map (a,b) — S(a,b) 15
lower semicontinuous.

(8) For all (a,b) € R" x R™, |S(a,b)| = 1.
(4) A is invertible and D — CA™!B is a P-matriz.
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Proof. Define the following piecewise affine function

Az + By :I

F(z,y,u) = I: u—(Cz + Dy) (10)

ulAy

Observe that F : R® x R™ x R™ — IR™ x R™ x IR™ is like H described in (1): for
aC{l,...,m} and B := a®, define

Qo ={(z,y,u) ER"XR™" x R™: yo > uqs, ys S up}.

The family {Q4} forms a polyhedral subdivision of R™ x R™ x R™. For any (z,y,u) € Q4

we have
Az + By
A B 0 T
Fzyu=| *~=+00 || ¢ _p | y (11)
Ua 0 E E, u
Yp
where
0 0 I, 0
El_[o I ] and Ez—[o 0]
Also,

. —-a
(z*,y*) € S{a,b) if and only if F(z*,y*,u*) = ( b )
0

where u* = Cz* + Dy* + b. The equivalence of (1), (2) and (3) follows from Theorem 3.
The equivalence of (3) and (4) is given in Proposition 2 of {11]. u

We point out that under the Lipschitzian assumption, Pang [12] proved that matrix A
is nonsingular, in which case the MLCP problem can be transformed to the standard LCP,
and then we can apply the result of Murthy, Parthasarathy, and Sabatini [8]. Again, our
approach is consistent with Theorem 2.

We now state an analogue of Theorem 4.

Theorem 10 Suppose that MLCP (4, B,C,D,a,b) has nonempty solution set for every
(a,0) € £ C IR™ x R™ with int £ # 0. Assume also that the solution map (a,b) — S(a,b)
is lower semicontinuous on the domain of S. Then A is invertible and D — CA™'B is
nondegenerate (that is, every principal minor is nonzero).

Let (a,b) € int £. It is easily seen that (—a,b,0)T € int ran F. Also, F~! is lower semicon-
tinuous on the range of F. By Theorem 1, matrices of F are nonsingular. The lemma below
shows how algebraic manipulations involving the Schur determinantal formula lead to the
desired conclusion.

Lemma 1 Let the matrices A,B,C, D be as above. Then A is invertible and for any index
set a C{1,...,n},

A B 0
det | —-C —-D I | =(-1)"det A-det Saqa
0 E, E,

where S:= D— CA~!'B.
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Proof of Lemma 1. Let ¢ > 0 be small, so that A, := 4 + ¢ is invertible. Then

A. B 0 S I
det | —C —-D I | =detA,det [ T ] =(=1)"det A,
0 I 0 Lo

by the Schur determinantal formula, where S, := D — CA;'B. Letting ¢ — 0, we see that
det N = (—1)™ det A, where k
A B 0
N = !V -C -D I J .

0 10

Since N is a matrix that appears (for a = 0) in the definition of F, we see that det A #0.
Now, assume that « C {1,...,n} is arbitrary. Then

A B 0 -5 I
det | -C -~-D [ = det A det [ E. E ] =
0 E E, v

det Adet (~SEy — E1) = (~1)" det Adet (E; + SE,)

where the first equality comes from the Schur determinantal formula, the second equality
holds because the matrices F, and E5 commute. Also,

det (E1 + SEz) = det [ gaa

Ba

0
I]_detSaa.

5 Concluding Remarks

In this paper we dealt with the global Lipschitzian behavior of the solution map in each of
the settings of the horizontal, vertical, and the mixed linear complementarity problem. It is
possible to describe the (local) pseudo-Lipschitzian behavior of the solution map at a given
solution point for these problems following the results in [7].
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