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Abstract

In this paper, we show that for a polyhedral multifunction F: R” — R™ with convex range, the
inverse function F~! is locally lower Lipschitzian at every point of the range of F (equivalently
Lipschitzian on the range of F) if and only if the function F' is open. As a consequence, we show
that for a piecewise affine function f: R"— R", f is surjective and f' is Lipschitzian if and
only if f is coherently oriented. An application, via Robinson’s normal map formulation, leads to
the following result in the context of affine variational inequalities: the solution mapping (as a
function of the data vector) is nonempty-valued and Lipschitzian on the entire space if and only if
the solution mapping is single-valued. This extends a recent result of Murthy, Parthasarathy and
Sabatini, proved in the setting of linear complementarity problems.

Keywords: Polyhedral multifunction; Lipschitzian; Coherence; Open; Error bound; Affine variational inequal-
ity

1. Introduction

Consider a polyhedral multifunction F:R"—R", ie., F is a point-to-set-valued
function and the graph of F is a finite union of polyhedral sets. The inverse function
F~' is a polyhedral multifunction and hence has the local upper Lipschitzian property
at each point in the range of F [16]. This means that for each y~ in the range of F,
there exist a positive number « and a neighborhood V of y* such that

F ' (y)cF '(y")+ally—y IB foral yeV,
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where B denotes the closed unit ball in R”. The main purpose of this article is to
investigate conditions under which F~' has the local lower Lipschitzian and Lips-
chitzian properties. Recall that a multivalued function G: R” — R" with domain dom G
and range ran G is locally lower Lipschitzian at y~ € dom G if there exist a positive
number B and a neighborhood U of y* such that

G(y")cG(y)+Blly—y lIB forall yeUNdom G.
G is Lipschitzian if there exists a positive number y such that
G(y)<€G(z)+vylly—zIlB forall y, z€dom G.

Our motivation comes from some recent results in the area of linear complementarity
problems. Given a matrix M € R"*" and a vector ¢ € R", the linear complementarity
problem [2], denoted by LCP(M, g), is to find a vector x € R" such that

x=0, Mx+q>0, and {(x, Mx+g)=0.

With M fixed and #(q) denoting the solution set of LCP(M, ¢), Mangasarian and
Shiau [13] (see also [2]) prove that the solution map g —.%(q) is Lipschitzian when M
is a P-matrix (meaning that all principal minors of M are positive or equivalently (q)
is a singleton for every g € R"). Going in the opposite direction, Gowda [6] proves the
converse under the assumptions that M is a Q-matrix (which means that #(q) # @ for
all g €R") and #(e) is a singleton set for some positive vector e € R". In a recent
paper [14], Murthy, Parthasarathy, and Sabatini prove the same converse under the
weaker assumption that M is a Q-matrix. When LCP(M, ¢) is formulated as an
equation f(x) + g = 0 where the piecewise affine function f: R” — R" (known as the
Minty map) is given by

f(x)=Mx"—x", (1
the above results say (see Section 5 for details) that f is surjective and f~ 'is
Lipschitzian if and only if f is a homeomorphism. Because of its special nature, f is a
homeomorphism if and only if it is coherently oriented (meaning that matrices associ-
ated with f have the same nonzero determinantal sign, see Section 2); since the
dimensions of the domain and range of the (piecewise affine function) f coincide, this
coherent orientedness is equivalent to openness of f. We thus have: for the Minty map
given by (1), f is surjective and f~' is Lipschitzian if and only if f is an open map.
Our main theorem (see Section 3) proves such a result for an arbitrary polyhedral
multifunction F from R" into R”™. Actually, we prove the openness of F under the
(weaker) assumption that F is surjective and F~' is locally lower Lipschitzian at each
point of the range of F.

As an application of our main theorem, we consider affine variational inequalities.
Given a matrix M € R"*", a polyhedral set .Z CR", and a vector ¢ € R", the affine
variational inequality problem, denoted by AVI(M, %, q), is to find a vector x™ €%
such that

(Mx* +q, x—x")=0 foral x€.%. (2)
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Denoting the solution set of this problem by .%(gq) (with fixed M and .#), we prove via
Robinson’s normal map

f(x) = MIL; (x) +x = I, (x) (3)

that AVI(M, %, ¢) has a unique solution for every ¢ € R" if and only if .%(q) # @ for
all g € R” and the solution map g —.%(q) is Lipschitzian.

2. Preliminaries

Throughout this paper, we shall denote the inner product of two vectors x and y by
{x, y>. B denotes the closed unit ball in the space under consideration. For x € R",
x":=max{x, 0} and x :=x"— x. The 2-norm of a vector x is denoted by || x||. The
symbol I1;(x) denotes the usual 2-norm projection of x onto the polyhedral set 7.
Given two vectors p~ and ¢* in R™, we shall say that {p~ =p°, p', p*,....p'=¢"}
is a partition of the line segment [ p*, ¢*]if p/€[p”, ¢*]for each jand || p° — p’||
increases strictly as j goes from 0 to /.

For a multifunction F with domain in R" and range in R™, we let F(x) denote the
image of the point x € R”; note that y € F(x) if and only if x € F~'(y). The graph of
F consists of all pairs (x, y) with x in the domain of F and y € F(x). Now let F be a
polyhedral multifunction whose graph is given by

L
Graph F= |J G, (4)
j=1
where each G; is a (nonempty) polyhedral set in R” X R™. (Recall that a polyhedral set
is the intersection of a finite number of half-spaces.) Writing II, for the projection of
R" X R™ onto R", we see that
L
dom F= |J I1(G)).
j=1

Writing I1, for the projection of R" X R™ onto R”, we let
{(IL(G):1<i<Ly={A,, Ay..... A},

where the sets Aj are all distinct. We note that each Aj 1s closed, convex, and
ran F = U?=,Aj.

We shall say that F is open if the image of an open set in R” (equivalently, in the
relative topology of dom F) is open in ran F.

A piecewise affine function f: R" — R™ is a single-valued continuous function with
domain R" for which there exists a set of triples (.Qj, A, aj) (j=1,2,...,K) such
that each {2, is a polyhedral set in R" with nonempty interior, AjeR"’X", a,ER",
and

(@) R"=U% N

j=1%%
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(b) For i+ j, {2, L, is either empty or a proper common face of (2; and {2, In
particular, int ;U int {2, = @ for i+ j.

(© Ax)=A;x+a;on 2, j=1,2,.... K.

The collection {Qj :j=1,2,...,K} is called the polyhedral subdivision of R" corre-
sponding to f. When m = n, we shall say that f is coherently oriented if all the (square)
matrices A; have the same nonzero determinantal sign.

For a comprehensive treatment of piecewise affine functions see [4] or [19]. In the
latter reference a piecewise affine function is defined, equivalently, as a single-valued
continuous function f: R” — R™ for which there exist finitely many affine functions
f;* R" = R" such that

f(x) E{fl(x),fz(x),...,fj(x)} for all x€R".

The following well known result (see Theorem 2.3.1 and Proposition 2.3.1 in [19])
summarizes the important properties of piecewise affine functions that are needed in this

paper.

Theorem 1. Suppose that f: R" - R" is piecewise affine. Then
(i) fis a homeomorphism if and only if it is injective;
(ii) fis coherently oriented if and only if f maps open sets in R" to open sets in R".

In particular, we note that a homeomorphism is necessarily coherently oriented. Also, a
coherently oriented function is necessarily surjective, see the proof of Theorem 5 below.
We also need the following result due to Walkup and Wets [23]:

Theorem 2. Let () be a polyhedral set in R" and h: R" = R™ be an affine function.
Then the mapping y = 2N h™'(y) from h(£2) to R" is Lipschitzian.

3. Lipschitzian characterizations
We begin with our main theorem.

Theorem 3. Let F be a polyhedral multifunction with dom F CR" and ran F CR"™.
Assume that ran F is convex. Then the following are equivalent:

(a) F~! is locally lower Lipschitzian at each point of ran F.

(b) F is an open map from dom F to ran F.

(¢) F~' is Lipschitzian on ran F.

Before we present the proof, we make a few remarks. There are several results in the
literature describing the Lipschitzian behavior of F~' on the range of F. Robinson [16]
observes, via Theorem 2, that when the graph of F is convex, F~! is Lipschitzian on
ran F. The Open Mapping Theorem for a surjective closed convex process between two
Banach spaces [1] is another well known result of this nature. In many of the situations
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that we are interested in, e.g., the linear complementarity problems, affine variational
inequality problems, etc., the graph is rarely convex, and yet the above result is
applicable.

The important part of the proof of this theorem is in showing that F~! is
Lipschitzian whenever F is open. This is partly covered in the following technical
lemma. This lemma is reminiscent of Katzenelson’s algorithm in nonlinear networks [5]
and a lemma proved by Mangasarian and Shiau [13] in connection with the Lipschitzian
property of the solution map corresponding to an LCP with a P-matrix. For related
results, see Lemma 4.1.1 and Proposition 4.1.2 in [19]. The lemma can also be viewed as
a finite algorithm for finding an element of F~'(g ") starting with an arbitrary p* and
x"eF '(p*).

Lemma 1. Suppose that the polyhedral multifunction F is open and has convex range.
Let G, (i=1,2,...,L) and A; (j=1,2,...,T) be as in Section 2. Then there exists a
positive number vy with the following property. given vectors p™ and ¢~ in ran F, and
x*€F!'(p*), there exist a partition {p~ =p°, p',..., p'=¢q"} of the line segment
[p*, g"1and a set {x* =x° x',..., x"} such that:
() 0<KILT;
Gi) x’eF~ Yp') for 0<j<;
(i) for each j€{0, 1,...,1— 1}, {(x/, p), (x/*!, p/* 1)} is contained in some G;
and
W I x!=x <yl pl=p/™ | for 0<j<iI—1.

Proof. First we describe y. For each j, the mapping y = G, N IT; '(y) is Lipschitzian
by Theorem 2. Since I1, is nonexpansive, it follows that y = II,[G, N II;' ()] is also
Lipschitzian; let y; denote its Lipschitzian constant. We put vy = max ; ;.

For convenience, throughout this proof, we denote the domain of F (range of F) by
X (respectively, Y). We assume that p* # g *; otherwise the lemma is obvious. Let
x%=x", p®=p”, and I’y be the collection of all G,s containing (x°, p°). Since I',
is finite and all the st are closed, there exists an open set U X V in R" X R™ such that

(x° p°)EUXVNGraph FC |J G,
Gerl,

This implies that

p’EIL(UXVNGraph F)c |J II,(G)).
Gely
We observe that I1,(U X VN Graph F)=VNF(UNX) is open in Y by assumption
and that the set on the extreme right of the above inclusion is a union of the sets A,.
Since Y is convex, the line segment [ p°, ¢"]is in ¥ and so the open line segment
(p°, ¢ ) must intersect at least one such A,. Among all such A;s, we select one which
contains the ‘‘maximal’” subinterval of [ p°, ¢* ]. To make things formal, let ¢, denote
the maximum of real numbers ¢ between 0 and 1 with the property that the line segment
[p°, (1 =1)p°+1g7] is contained in some A, (which is of the form I1,(G)) with
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G, € I'y). This 1, is positive, and because A;s are closed and convex, there is some A,
which contains the interval [ p°, (1 —17,)p° + 1,9 ] Let A° denote such a A; so that
for some G°€ T, we have A°=IL,(G°). The element p'==(1 —1,)p°+1yq" €
I1,(G®) and so the set G° N II;'(p') is nonempty. Now obviously, x°€ IT|[G'N
I7;'(p®)] and the inclusion

6 niIG (p®) e [GOn L (p)] + vl p' —p°II B

shows that there exists an x' € IT[G° N IT; '(p")] such that || x°—x'[| <yl p°—
p'll. Clearly, (x', p') € G° and hence p' € F(x"). (Of course, we also have (x°, p°)
e€G)If p' =¢q*, we have (i)-(iv) with /= 1. If p' = ¢~, starting with x' and p', we
repeat the above process to generate I, 1, A7, G/, p/*! and ¥/t for j=1,2,....
We have x/€ F~'(p)), {(x%, p/), (x/*!, p/*NC G/ and || x/ = x| < yll p/ —
p’* 1 for each j. We now show that this process must stop in at most T steps. Since at
each step the number ¢, is positive, it follows from convexity that A/ is different from
all the previous A’ (0 <i<j— 1). Thus at each step a new A is generated. Since there
are at most T such As, the process must terminate in at most T steps. This completes
the proof of the lemma. O

Proof of Theorem 3. ((a) = (b)): Let U be an open set in R" and y* € F(U), let
x” €U with y* € F(x*). Assume that no neighborhood of y* (relative to ran F) is
contained in F(U). Then there is a sequence { y*} in ran F such that y* & F(U) and
y¥—y* as k—> . Since F~! is (locally) lower Lipschitzian at y*, we can find
x* € F~'(y*) such that for all k, || x* —x*|| <a* |l y* — y*| with a” positive and
independent of k. It follows that x* — x* and hence x* € U for all large k. For all such
k, y* € F(x*) c F(U) which is a contradiction.
(b) = (c): Assume that F is open. Let v be as in the above lemma. We show, for
any p* and ¢~ inran F, that
F'(p")CSF (q")+vlp —q"IIB. (5)
Let x* € F~'(p”). Applying the above lemma to the present setting, we let y* = x’.
Then y* € F~'(g") and
-1 -1
Ix" =y I<s D lx=x""<s X ylp/=p*'il=ylp =g,
j=0 j=0

proving (5). The implication (¢) = (a) is obvious. O
With G=F"~' the above theorem leads to the following theorem.

Theorem 4. Suppose G is a polyhedral multifunction with convex domain contained in
R™ and range contained in R". Then G is continuous (i.e., the inverse image of an open
set in R" under G is open in dom G) if and only if G is Lipschitz continuous.

Our next result deals with piecewise affine functions; the most important part here is
the equivalence of (¢) and (d). Note that piecewise affine functions are polyhedral and
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for such functions we always assume that the domain is the entire space under
consideration.

Theorem 5. Consider a piecewise affine function f: R" — R™. Then the following are
equivalent:
(a) fis surjective and f~" is locally lower Lipschitzian at each point of R™.
(b) fis an open map from R" to R™, i.e., f maps open sets in R" to open sets in R™.
(c) fis surjective and ™' is Lipschitzian on R™.
Moreover, when m = n, these are further equivalent to
(d) fis coherently oriented.

Proof. It is clear from Theorem 3 that (a) = (b). The range of f is a finite union of
polyhedral sets and hence closed. Hence when (k) holds, the range is both open and
closed in R™. It follows that f is surjective. That f' is Lipschitz follows from
Theorem 3. Thus (») = (¢). The implication (¢) = (a) is obvious. When m = n, the
equivalence of (b) and (d) is precisely part (ii) of Theorem 1. O

In general, the homeomorphism and coherent orientation properties for a piecewise
affine function from R” into itself are not equivalent. For example, the function
constructed by Scholtes (see Example 2.3.1 in [19]) is not a homeomorphism but yet
coherently oriented. However, in some interesting cases, e.g., the linear complementarity
problem and the affine variational inequality problem, the two concepts are equivalent.
Our next result deals with such an equivalence under a geometric condition. Here we
define the branching number of the polyhedral subdivision corresponding to the function
from R” into itself as the maximal number of polyhedral sets in the subdivision having a
common face of dimension n — 2.

Theorem 6. Suppose that f: R" — R" is piecewise affine and the corresponding
polyhedral subdivision has branching number less than or equal to 4. Then f is a
homeomorphism if and only if f is surjective and f~' is Lipschitzian.

Proof. Under the stated hypothesis on the branching number it follows from a result of
Kuhn and Lowen [10] that f is a homeomorphism if and only if f is coherently oriented.
The result now follows from the previous theorem. O

All of the previous results were proved under the assumption that the range is convex
(and the function is surjective in the case of piecewise affine functions). What happens
when the range is not convex (and/or the function is surjective)? The following result
gives a partial answer for piecewise affine functions.

Theorem 7. Suppose that f: R" — R" is piecewise affine and the range of f has
nonempty interior. If f~' is locally lower Lipschitzian at each point of the range of f,
then the matrices corresponding to f are nonsingular.
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Proof. We assume the description of f given in Section 2. Assume that f~ ' is locally
lower Lipschitzian at each point of the range. If each matrix A; is singular, then the
range, being a union of lower dimensional sets A j(Qj) + a;, cannot have interior. It
follows from the hypothesis that at least one A; is nonsingular. Consider the collection
& of all matrices which are nonsingular. We have to show that & is the entire collection
of matrices of f. Assume, if possible, that & ={A,, A,,..., A} with s <K. Consider
the union of .()js for j=1,2,...,s. This union cannot cover R" and hence there iIs a
boundary point. This union is closed, has nonempty interior, and so the boundary is
(n — 1)-dimensional [9, Corollary IV.4.2]. There is a boundary point, say y*, which lies
in the relative interior of an (n — 1)-dimensional face Z of, say, {2,. This y" must
belong to some other {2, with i+ 1. Since £2, N {2, is a common proper face of {2
and (2, it follows that Z is a face of (2, also. The index i must be greater than s, else a
neighborhood of y* would be contained in int( {2, U {2,), contradicting the choice of
the boundary point y*. We now show that A, is nonsingular contradicting the
maximality of s. Suppose that A, is singular and assume without loss of generality that
i=s+1. Since A, (Z)+a,, =fZ2)=A(Z)+a, is (n— 1)-dimensional and
AL, ) is convex and not n-dimensional, it follows that f(£2, ) Caff f(Z) where
“aff’’ is an abbreviation for the affine hull. Since f(y ") is in the relative interior of
f(Z), the above inclusion proves that for some vector e in the interior of |,
d = f(e) belongs to the relative interior of f(Z). Let d* € f(int £2,) such that d* — d.
Note that d* & aff f(Z) for all k. Since f~' is locally lower Lipschitzian at d, we have,
for some positive 8, and all large £,

e i(d)+plld-dls.
Since e € '(d), we must have x*€f '(d*) such that [[e—x*|| < Bl d*—dl. 1t
follows that x* — e. But then x*€int £ ,, and hence d* € f(£ ) Caff f(Z), a
contradiction. Thus s must be equal to K, proving that all matrices of f are nonsingular.
]

4. Global error bounds

Consider a polyhedral multifunction F:R" — R"™. It is easily seen that the local
upper Lipschitzian property of F ~! at a point p €ran F is equivalent to the local error
bound property: there exists a positive number « such that

disf(z, F-'(p))<ealy—pl

for all z€ dom F and y in F(z) ““close’’ to p. Also, F~' is Lipschitzian if and only if
the global error bound property holds: There exists a positive number y such that

1

dist(z, F'(p))<ylly—pll forall p&ran F, zEdom F, and y€E€F(z).

It follows from Theorem 3 that when the range of F is convex, the above global error
bound property holds if and only if F is open from dom F to ran F. With a view
towards applications, we shall state this result explicitly for piecewise affine functions.
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Related global error bound results for piecewise affine functions can be found in [7], [11]
and [12].

Theorem 8. Suppose f: R" = R™ is piecewise affine. Then f is an open map from R"
into R™ (equivalently, coherently oriented when n = m) if and only if f is surjective and
there exists a positive number 7y such that

gist(z. £ (p)) < v £(2) —pll (6)
forallz€R" and p €R™.

5. Applications

In this section, we apply our previous analysis to affine variational inequalities. We
recall that corresponding to the matrix M € R"*" and a polyhedral set % CR", the
normal map is given by

f(x)=MI,(x)+x—1II,(x).

Note that this reduces to the Minty map in the context of the LCP (where % is the
nonnegative orthant). Robinson [17] showed that the above normal map is a homeomor-
phism if and only if it is coherently oriented. This can also be deduced by combining the
result of Kuhn and Lowen (mentioned in the proof of Theorem 6) and a result due to
Ralph [15] who proved that the branching number of the polyhedral subdivision
corresponding to the normal map is less than or equal to 4. (It has been shown recently
by Scholtes [21] that the branching number is 4.) In view of these observations, we have
the following

Theorem 9. Consider the normal map f given above. Then f is a homeomorphism if and
only if f is surjective and ™ is Lipschitzian.

We now formulate the above result in terms of the solution sets. For a ¢ € R", let
#(q) be the solution set of AVI(M, %, q). This is related to f~'(—g) in the following
way:

F(q)=Mu(f'(—q)) and f'(~q)={u—Mu—q:ueF(q)}. (7)

Theorem 10. For the affine variational inequality corresponding to M and % as above,
the following are equivalent:
(i) Forall geR", #(q)+ @ and the mapping q — #(q) is Lipschitzian on R".
(ii) For all g€ R", AVI(M, %, q) has a unique solution.

Proof. Let f denote the normal map. Suppose that (i) holds. Then for some positive
number 7, we have for all p and g,

F(q)cF(p) +nllp—qll B.
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We show the Lipschitzian property of ' by proving the inclusion

Fi(=a)ycr'(-p)+¢lp—qlB, (8)
where {==(} M|+ Dn+1, and || M || denotes the norm of the matrix (as a linear
operator from R" into itself). Let u € f '(—gq). Then u = IT;,(u) — MII;(u) — g and
I1;,(u) € #(gq); so there exists a v € #(p) such that || IT,(u) — vl <7nll p—qll. Let
w=uv— Mv—p. Then w € f '(—p) from (7). It follows that

Nu—wil < | Hy(u) —MH;(u) —qg—(v—Mv—p)lI <l p—gql.

Since #(q) # @ for all g, it follows that f is surjective. By the previous theorem f is a
homeomorphism. From (7) we see that .#(g) has exactly one solution for each g. Thus
we have (ii). If (ii) holds, then f~'(—g) is a singleton for all ¢ € R". Thus f is injective
as well as surjective. The single-valued function f~' is piecewise affine and hence is
Lipschitzian (see Proposition 2.2.7 in [19] or Theorem 4). Since I1, is nonexpansive, it
follows that ¢ —.%(gq) is Lipschitzian. This proves (). O

We now specialize the above result to the nonnegative orthant in R”. In this setting,
the normal map reduces to the Minty map. Also, the orthants of R" form a polyhedral
subdivision corresponding to the Minty map. Moreover, the determinants of the matrices
corresponding to the Minty map are precisely the principal minors of the matrix M.

Corollary 1 (Murthy, Parthasarathy and Sabatini [14]). For the linear complementarity
problem corresponding to the matrix M, the following are equivalent:

(i) For all g€R", #(q)+ @ and the mapping q — #(q) is Lipschitzian on R".

(ii) For all g€ R", LCP(M, q) has a unique solution.

We add a few remarks regarding the surjectivity condition in part (i) of the above
theorem. By assuming the Lipschitzian property only for those vectors g with #(q) # @,
we can infer from Theorem 7 that the matrices corresponding to the Minty map are
nonsingular, i.e., in the LCP terminology, M is a nondegenerate matrix. In [22], Stone
shows that in addition to this nondegenerateness, the matrix belongs to the INS class
(which means that in the interior of the set of all solvable g¢s, the cardinality of the
solution set is a constant). He also proves the converse under a so-called Lipschitz
path-connectedness assumption.

We now consider an application of the global error bound result (Theorem 8) to
affine variational inequalities. Let f be the normal map given by (3). We fix g €R"
and suppose that for some positive number «,

dist(z, f'(—¢g)) <all f(z) +qll forall zER". (9)
Since I1, is nonexpansive and #(g) = IT,(f '(—q)), we have with B = «,
dist(I1,(z), #(q)) < Bl f(z) +qll forall zeR", (10)

ie., | flz) +qll can be used as a measure of how far IT,(z) is from the solution set
#(q). Now suppose that (10) holds. With z=I1,(z) + z— II,(z) and (7), simple
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algebraic manipulations lead to (9) with a =1+ B+ B || M ||, where || M || denotes the
(operator) norm of M. Since the normal map f is open (equivalently, coherently
oriented) if and only if it is a homeomorphism, Theorem 8 implies the following result.

Theorem 11. Let M, % and f be as described above. Then #(q) # @ for all q and
there exists a positive number & such that

dist(T;(z), &(q)) <8l f(z) +qll forall zER" and g ER" (11)
if and only if #(q) is a singleton for all g € R".

In the context of the LCP, the above theorem says that the global error bound
dist( z*, #(q)) <8IIMz*—z +qll forall zER" and g ER” (12)

holds for a Q-matrix M if and only if M is a P-matrix. In [7] such a result was proved
for the global error bound

dist( z, #(q)) <8l zA (Mz+4q) |l forall zER" and g E€R", (13)

where ‘“ A" denotes the componentwise minimum.

6. Concluding remarks

In this paper, we established a connection between the openness property of a
polyhedral multifunction and the Lipschitzian property of its inverse. As a consequence,
we showed that a piecewise affine function (from R” into itself) is surjective and its
inverse is Lipschitzian if and only if the function is coherently oriented. It is possible to
study the local versions of these results. Such local versions and their connection to
openness, metric regularity, and pseudo-Lipschitzian properties are studied in [8]. See
also a recent paper of Dontchev and Rockafellar [3] where lower semicontinuity, strong
regularity, and the pseudo-Lipschitzian properties are studied in the context of (affine)
variational inequalities.
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