ON THE PSEUDO-LIPSCHITZIAN BEHAVIOR OF THE INVERSE
OF A PIECEWISE AFFINE FUNCTION*
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Abstract. In this paper, we investigate the pseudo-Lipschitzian behavior of the inverse of a
piecewise affine function around a point. Specifically, we show that for a piecewise affine function f :
R™ — R", the inverse map f~! is pseudo-Lipschitzian (equivalently, lower semicontinuous) around a
point (y*,z*) with y* € int(ran f) if and only if the (essentially active) matrices of f at z* have the
same nonzero determinantal sign. When the branching number of f at z* is less than or equal to four,
this property is equivalent to f being one-to-one in a neighborhood of z* with Lipschitzian inverse.
Using these results, we study the properties of a general piecewise affine function whose inverse is
globally Lipschitzian. Our analysis, when specialized to affine variational inequalities and linear
complementarity problems, recovers some recently established results of Dontchev and Rockafellar
[12] and Stone [41], [42]. Under a strong first order approximation assumption, we show that the
inverse of a PC! function g is pseudo-Lipschitzian around a point (y*,x*) with y* € int(ran g) if and
only if Qi’s generalized Jacobian of ¢ at z* consists of matrices with the same nonzero determinantal
sign.
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1. Introduction. Consider a single-valued function f : R™ — R™ and a point
(z*,y*) in the graph of f. Following Aubin-Frankowska [4], we say that f~! (the
multivalued inverse of f) is pseudo-Lipschitzian around (y*, z*) if there exist a positive
constant a, a neighborhood U* of z*, and a neighborhood V* of y* such that

(1) f_l(yl) NU* C f 1 {ys) +allyr —y2||B forall yi,y2 € V'Nranf

where ran f denotes the range of f and B denotes the closed unit ball in R™; if
U* = R", we say that f~! is Lipschitzian around y*. Clearly, the above definitions
can be formulated for any multivalued mapping F (instead of f~!, see Definition 3
below) in a very general setting (e.g., that of a metric space). The pseudo-Lipschitzian
property (1) with V* C ran f is known to be equivalent to f~! being open at linear
rate, and to f~! being metrically regular, see Borwein and Zhuang [5] and Penot, [27].
Other important characterizations are due to Rockafellar [35] and Mordukhovich [23].
Extensions of the Banach open mapping theorem to nonlinear functions (described
by theorems of Lyusternik [22] and Graves [16]) and to multivalued mappings with
closed convex graphs (described by theorems of Robinson [31], [32], and Ursescu [44])
are stated in terms of the pseudo-Lipschitzian property. Accounts of these can be
found in the book by Aubin and Frankowska [4] and in the papers [9], [10], [11].

In this paper, we are interested in the pseudo-Lipschitzian behavior of the in-
verse of a piecewise affine function. Unlike the previously mentioned characterizations
(which can be viewed as topological and/or analytical), our description is in terms of
numerical quantities and somewhat algebraic in nature. We show in this paper that
the pseudo-Lipschitzian property of the inverse of a piecewise affine function f around
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a point (y*,z*) with y* € int(ran f) is equivalent to f being coherently oriented at
z*, i.e., the determinants of the (essentially active) matrices that describe f at z*
have the same nonzero sign. We show further that this property reduces to f being
locally one-to-one with Lipschitzian inverse when the branching number of f at z* is
less than or equal to four. Under a strong first order approximation, we show that
the inverse of a PC! function g¢ is pseudo-Lipschitzian around a point (y*,z*) if and
only if the Qi’s generalized Jacobian of g at z* consists of matrices with the same
nonzero determinantal sign. The motivation for such results comes from three recent
developments.

In [15], Gowda and Sznajder show that for a piecewise affine function f : R" —
R™, { is suriective and f~! is Lipschitzian on (all of) R™ if and only if f is open
(equivalently, f is coherently oriented). In addition, they show that these equivalent
conditions imply that f is one-to-one when the branching number of f is less than or
equal to four. The pseudo-Lipschitzian results for piecewise affine functions mentioned
in the previous paragraph were predicted in [15] and can be considered as local versions
of these (global) results.

When f is the normal map associated with the affine variational inequality
AVI(M, K, q), i.e.,

(2) f(z) = MIlx(z) + = — k(z)

where M € R™" and K is a (convex) polyhedral set in R", and Ilx(z) is the pro-
jection of z onto K, Dontchev and Rockafellar [12] have shown that f ~1 is pseudo-
Lipschitzian around a point (g*,z*) with ¢* = f(z*) € int(ranf) if and only if [ is
one-to-one in a neighborhood of z* with a Lipschitzian inverse. They prove this by
employing machinery specific to affine variational inequalities, in particular, by using
the so called critical cone. Our result, Theorem 3.2, can be considered as a general-
ization of Dontchev-Rockafellar result since it is known that for the normal map, the
branching number is four [38].

In [26], Pang and Ralph have shown that a PC! function f is locally one-to-
one with a Lipschitzian inverse around a point z* if and only if the matrices in Qi’s
generalized Jacobian of f at z* have the same nonzero determinantal sign and the
(topological) index of f at z* is 1. Our Theorem 3.5 can be considered as a pseudo-
Lipschitzian analog of this result.

This paper also studies the Lipschitzian behavior of the inverse of a piecewise affine
function on subsets of the range of the function. Qur motivation for this study comes
from recent results of Stone [41], [42]. In connection with the linear complementarity
problem (which is AVI(M, R7,q)) and the corresponding normal map f(z) = M zt —
£~ , Stone [41] (see also [39]) has shown that when f~! is Lipschitzian on the range of
f, the matrix M is necessarily nondegenerate and | f~*(¢)| is finite and independent of
g in the interior of the range of f. Stone [42] proves that these are also sufficient when
the range has the so called Lipschitz path-connectedness property. In section 4, we
partially extend Stone’s results to piecewise affine functions with branching number
less than or equal to four.

2. Preliminaries. A piecewise affine function f : R* — R™ is a continuous
function with domain R"™ for which there exists a set of triples (€, 4;,a;) (j =
1,2,...,K) such that each §; is a (convex) polyhedral set in R™ with nonempty
interior, A; € R"*", a; € R", and
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(a) R* = Uszlﬂj;
(b) For i # j, Q; N is either empty or a proper common face of {; and ;. In
particular, int Q; N int Q; = 0 for i # j;

(c) f(z)=Ajz+ajonQy, j=12,... K.
The collection {€2; : j = 1,2,..., K} is called the polyhedral subdivision of R™ corre-
sponding to f. We shall say that f is coherently oriented if all the (square) matrices A;
have the same nonzero determinantal sign. The branching number of the polyhedral
subdivision {2, : j = 1,2,...,K} of f, or simply that of f, is the maximal number of
these s having a common face of dimension n — 2. For a comprehensive treatment
of piecewise affine functions see [13] or [37]. In the latter reference a piecewise affine
function is defined, equivalently, as a single-valued continuous function f : R* — R"
for which there exist finitely many affine functions f; : R — R" such that for all
r € R™,

(3) f(@) € {fi(a), fa(),..., fa(2)}-

More generally, a function g from a subset D of R" into R" is a PC! function on D
if g is continuous and there exist continuously differentiable functions g; : D — R"
such that

9(z) € {91(2),92(2),...,9s(x)} forall =ze€D;

If each g; is affine, we shall say that g is piecewise affine on D. For basic properties
of PC! functions, see [37]. It is known that a PC' function g on an open set D is
B-differentiable at every point z* € D, that is,

i 9@ —lgE) + '@z —a)] _

vzt llz — 2]

where

* t . *
g'(z";z) :=lim g(e” +tz) — 9(a")
t10 t

exists for each z. Moreover, the B-derivative g'(z*; -) is a piecewise linear function
given by

g'(z";2) € {Vgi(z")z : i € I*(g,2")}

where I¢(g,z*) is the collection of (so called essentially active) indexes ¢ such that
z* € cl int{z: g(z) = gi(2)} (Prop. 4.1.3, [37]). The set

dgg(z") = {Vgi(z") :i € I*(9,27)}

is called Qi’s generalized Jacobian [28]. It is worth noting that the convex hull of this
set is the generalized Jacobian 8g(z*) [7]. Also, for a piecewise affine function f which
is described by the triples (©2;, A;,a;),

an(ZL‘*) = {AJ 1zt e Q]}

We shall say that g (or f) is coherently oriented at z* if all matrices in dgg(z”)
(respectively, Og f(x*)) have the same nonzero determinantal sign. We define the
branching number of f at x* as the branching number of the polyhedral subdivision
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induced by the piecewise affine function f'(z*;-). We note that a piecewise affine
function f is coherently oriented at z* if and only if the corresponding piecewise
linear mapping f'(z*; -) is coherently oriented on R".

We now recall various (Lipschitz) continuity concepts, see [4] for full details. In
the definitions below, F' denotes a multivalued mapping from R™ into itself with
domain and range denoted by dom F and ran F, respectively. We let G = F~! and
write Gr F' for the graph of F'; we fix (z*,y*) € Gr F so that (y*,z*) € GrG. For a
set U, we write F(U) := {y:y € F(z) for some z € U}.

DEFINITION 1. We say that G is lower semicontinuous at a point (§,Z) € GrG,
if for every sequence {y™} in dom G converging to §, there exists a sequence {z™}
in ran G converging to T such that (y™,z™) € GrG. We shall say that G is lower
semicontinuous around a point (y*,z*) € GrG if there exists a neighborhood V* x U*
of (y*,z*) in R™ x R™ such that G is lower semicontinuous at each point (§,T) €
(V* x U*YNGrG. By abuse of language, we shall say that G is lower semicontinuous
at a point y* if G is lower semicontinuous at any point (y*,u*) in the graph of G.
Finally, G is said to be lower semicontinuous on a set E C dom G if G is lower
semicontinuous at each point of E.

DEFINITION 2. We say that F is open around z* if there exists an open set U*
containing =* such that for any open set U C U*, F(U) is open in R".

The following simple result connects the above two concepts; the conclusion of
this result can be obtained without any assumptions on F' by slightly changing the
definition of lower semicontinuity, see Proposition 1.4.4 in [4].

PROPOSITION 2.1. Suppose that F is single-valued and continuous at z*. Then
F~1 s lower semicontinuous around (y*,z*) with y* = F(z*) € int(ran F) if and
only F' is open around z*.

Proof Suppose that F~! is lower semicontinuous around (y*,z*) and y* €
int(ran F); let U* and V* be as in Definition 1. We may assume that V* C ran I’ and
(by the continuity of F) that F(U*) C V*. Let U be an arbitrary open set contained
in U* and assume, if possible, that F(U) is not open in R™. Then there exist a point
7 € F(U) and a sequence {y™} such that y™ converges to § and y™ ¢ F(U) for all
m. Let § = F(Z) for some % € U. By the lower semicontinuity property, there exists
a sequence {z™} such that z™ — Z and y™ = F(z™) for all m. But then 2™ € U for
large m implying y™ € F(U) for all such m. This contradiction proves the openness
of F(U) and that of F' around «*.

Now suppose that F' is open around z*. Let U* be as in Definition 2, and V* :=
F(U*). Consider any (§,z) € (V*xU*)NGr G and a sequence {y™} in ran F' converg-
ing to 4. For each natural number [, ¥ is an interior point of F'(Z+ %B) and hence for an
appropriate m; we have m > m; = y™ € F(Z+ %B) Then there exists z;* € T+ %B
such that y™ = F(z") for all m > m;. We may assume that the sequence {m,}
is strictly increasing. Then the sequence {z{",... ,xl’””l, TH2, ... ,x;”3_1, x5, .}
clearly converges to Z and y™ = F(z™) for all m > m;. Thus G is lower semicontin-
uous at (f, %), and hence around (F(z*),z*). 0

DEFINITION 3. We say that

(a) G is pseudo-Lipschitzian around (y*,z*) € Gr G if there exist a positive con-
stant a, a neighborhood U* of z* and a neighborhood V* of y* such that

Gy ) NU* CG(ya2) +allyr —y2l|B for all y1,y2 € V* Ndom G;
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(b) G 1islocally lower Lipschitzian at y* € dom G if there exist a positive number
B and a neighborhood V* of y* such that

Gy") CGy) +Blly—y*lIB forall y€eV™NdomG;

(¢) G is Lipschitzian on a set D C dom G if there exists a positive number A such
that

G(y) CG(2) + Mly — 2||B  for all y,z€D.

It should be noted that the original definition of pseudo-Lipschitzian property
given by Aubin [3] and used in the papers of Dontchev [9] and Dontchev and Rock-
afellar [12] demands, in addition to what is given above, that y* € int(dom G).

It is easily seen that if (7 is locally lower Lipschitzian at y* € dom G, then G is
lower semicontinuous at y*.

The following result will be used in Section 4. It generalizes a result of Stone
(Theorem 4.4, [40]) proved in the setting of linear complementarity problem for the
mapping f(z) = Mzt —z~.

PROPOSITION 2.2. Consider a piecewise affine function f : R™ — R™ described
by the triples (0, A;,a;) (7 =1,2,...,K). If each A; (j = 1,..., K) is nonsingular,
then int(ran f) is nonempty, open, and connected.

Proof. Assume that every A; is nonsingular. Clearly, for each j, D; := A;(int Q;))+
a;j is open (and nonempty) and so int(ran f) is open and nonempty. We now prove
the connectedness of int(ran f). Assume, if possible, that int(ran f) is not con-
nected and consider its (disjoint) components. Then for each j, D;, being a con-
nected set, must belong to some component of int(ran f). Let D be a component of
int(ran f) containing the maximal number, say, L of D;s. Without loss of generality,
let U]LZIDJ- C D. Since int(ran f) contains an (open) component different from D,
it follows that L < K. Now U¥Q; is closed, has nonempty interior and not equal
to R™; hence has an (n — 1)-dimensional boundary (Cf. [17], Cor. IV.4.2). There
is a boundary point z* of this set which lies in the relative interior of an (n — 1)-
dimensional face Z of, say, ;. This z* must belong to some other Q; with i # 1.
Since ; N§Y; is a common proper face of )y and (Y, it follows that Z is a face of Q;
also. The index ¢ must be greater than L else a neighborhood of £* would be contained
in int(Qy U ) contradicting the choice of the boundary point z*. Without loss of
generality let i = L + 1. We now show that any point p in Dy, can be connected to
any point q in D; by a path in int(ran f) proving that D must contain Dy leading
to a contradiction to the choice of L. Fix p € Dy and g € Dp4,. First observe that
f(Z) is (n — 1)-dimensional and f(z*) is the relative interior of f(Z). If the matrices
A; and A4 have the same determinantal sign, then p and ¢ are on “opposite sides”
of f(Z) and f(z*) is in the interior of f(Q1)U f(Qr+1). In this case, the line segment
[p, f(z*)] joined by the line segment [f(z*), q] defines a path in int(ran f). If the ma-
trices A; and Ay have opposite determinantal signs, then p and ¢ are on the “same
side” of f(Z). In this case, D1 N Dryy will have a common point, say, y*. We can
then consider the path in int(ran f) defined by the line segments [p,y*] and [y*, q].
Thus in either case, p and g can be connected by a path that lies in int(ran f). (This
somewhat geometric proof can be made precise and simple by assuming, without loss
of generality, z* = 0, f(z*) =0, Z C R*! x {0}, A; = I (the identity matrix). In
this setting, the columns of Ary; are ej, es,...,ep—1,d Where e; is the ith coordinate
vector in R™ and d is some vector in R™.) O
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3. Pseudo-Lipschitzian properties. We begin with a result which is obtained
by slightly modifying and combining Theorems 5 and 6 in [15].

THEOREM 3.1. For a piecewise affine function f from R™ into itself, the following
are equivalent:

(i) f is surjective and f~1 lower semicontinuous at all points (y*,z*) with y* =

fz").

(it) f is an open map from R™ into R", i.e., f maps open sets to open sets.

(iii) f is coherently oriented.

(iv) f is surjective and f~! is Lipschitzian on R™.

(v) f is surjective and f~' is locally lower Lipschitzian at each point of R™.
Furthermore, when the branching number of f is less than or equal to four, each of
the above conditions is equivalent to

(vi) f is one-to-one, or equivalently, f is a homeomorphism.

Remarks. Conditions (ii) — (vi) appear in [15]. The equivalence of (i) and (ii)
follows from Proposition 2.1. The motivation for adding the lower semicontinuity
condition (¢) comes from [12], see the remarks following Theorem 3.2.

Our main result of this section is the local version of the above theorem.

THEOREM 3.2. For an f € PA(R™, R"), the following statements are equivalent:

(a) f~! is lower semicontinuous around (y*,z*) with y* = f(z*) € int(ran f);

(b) f is open around z*;

(c) f is coherently oriented at x*;

(d) f~' is pseudo-Lipschitzian around (y*,z*) with y* = f(z*) € int(ran f).
Moreover, when either (i) the branching number of f at x* is less than or equal to
four, or
(1) indez (f,z*) = %1, each of the above statements is equivalent to

(e) f is one-to-one around =* and f~! is Lipschitzian around y*.

Proof. By considering f(z 4+ z*) — f(z*), if necessary, we may assume that z* =
y* = 0. The implication (a) = (b) follows from Proposition 2.1. To see (b) =
(¢), consider, f(x) := f'(0;z). In a neighborhood of the origin, f and f coincide.
When (b) holds, f is open in a nelghborhood of the origin; hence open on R™ by
positive homogeneity of f It follows that f is coherently oriented [37] proving (c).
Now suppose that (c) holds so that f is coherently oriented on R™. Let U* be a
neighborhood of the origin on which fand f coincide. Since the matrices describing
f are finite in number and nonsingular, it follows that for each y € R", the set
( f)_l( ) is finite; moreover, we can find a neighborhood V* of the origin such that
(F)~'(y) C U* for all y € V*. Tt follows from the previous theorem, that ( F)-1is
Lipschitzian on R™. Hence there exists a positive constant o such that

(4) (M) € (F) " (y2) + ellyr — 2||B

for all y1 and y,. Restricting y1,¥» in V*, we see, for i = 1,2, that f~}(y;) NU* =
(f) Yy ) nU* = (f) Y(y;). Hence from the above inclusion we have

(5) Fly) U C f M y2) +allyy —9:2l|B forall yi,y; € V*

proving (d). The implication (d) = (a) follows easily from the definitions.
When condition () holds, the branching number of f is less than or equal to four.
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It follows from a result of Kuhn and Lowen [20] that f is a homeomorphism.
(]?)_17 being piecewise linear, is Lipschitzian on R™. Since f = fnear the origin, it
follows that f is one-to-one around the origin with a Lipschitzian inverse.

When condition (iz) holds, the stated conclusion follows from Theorem 4, [26]; it

o~

can also be deduced from Theorem 5, [14] (applied to f). a

Remarks. To discuss a particular and important case of Theorem 3.2, consider
a matrix M € R™ " and a (convex) polyhedral set £ C R™. Correspondingly, we
define the normal map f by (2). Given a vector ¢ € R", the solvability of the equation
f(z)+q = 0 is equivalent to the solvability of the affine variational inequality problem
AVI(M,K,q): find u* € K such that

(6) (Mu*+qu—u") >0 foral uek.

Robinson [34] made a formal study of the normal map and showed that it is piecewise
affine, and coherently oriented if and only if it is a homeomorphism. Ralph [29]
proved that branching number of the normal map is less than or equal to four and
recently Scholtes [38] has shown that the branching number is four. In this setting,
Dontchev and Rockafellar have shown, while studying the strong regularity of the
AVI at a solution point, the equivalence of statements (a), (d) and (e) in Theorem 3.2
for the normal map. Their proof of the implication (a) = (e) consists in applying
the above mentioned result of Robinson to the normal map corresponding to the
“critical cone” at the solution point under consideration. (Note that the implications
(e) = (d) = (a) are immediate.)

The following corollary is obvious.

COROLLARY 3.3. Suppose f € PA(R",R") and int(ran f) # 0. Let D be a
nonempty open subset of ran f. If f~! is lower semicontinuous on D, then every
matriz in the set

U def@

zef~YD)

s nonsingular.
This corollary is somewhat similar to the following result which is a modified form of
Theorem 7 in [15].

PROPOSITION 3.4. Suppose f € PA(R"™,R") and int(ran f) # 0. If = is lower
semicontinuous (or Lipschitzian) on ran f, then oll the matrices of f are nonsingular.

We end this section with a generalization of Theorem 3.2 to PC! functions. Con-
sider a PC! function g (see Section 2) defined on an open set D containing the point
z*; let ¢'(z*; - ) denote the B-derivative of g at z* and let h(z) = g(z*)+¢'(z*;z—2%).
We say that g is strongly B-differentiable if

g(u) — 9(v) = [h(u) — h(v)] _

1m
(wv)=(z* ,z*) [Jlu — ||

By specializing the (Inverse Mapping) Theorem given in [10] to PC! functions, we get
the equivalence of the following statements:

(a) g~ is pseudo-Lipschitzian around (y*,z*) with y* = g(z*) € int(ran g).

(b) k™1 is pseudo-Lipschitzian around (y*,z*) with y* = h(z*) € int(ran h).
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Combining the above equivalence and Theorem 3.2, we arrive at the following.

THEOREM 3.5. Let g be a PC! function from an open set D C R" into R™. Let
g be strongly B-differentiable at * € D. Then the following are equivalent:

(i) g1 is pseudo-Lipschitzian around (y*,z*) with y* = g(z*) € int(ran g).

(ii) h is coherently oriented at z*, i.e., the matrices in Ogg(z™) have the same

nonzero determinantal sign.

Remarks. In a private communication, S. Scholtes notes that the above equiv-
alence continues to hold for a PC! function g if we assume, instead of the strong
B-differentiability of g at z*, that g is PC'-equivalent to a PC! function which is
strongly B-differentiable at z* (i.e., there exists a local PC'-homeomorphism ¢ such
that ¢(z*) = z* and g o ¢ is strongly B-differentiable at z*). We refer to [18], [19] for
various properties of this PC!-equivalence and their applications.

4. The Lipschitzian behavior of the inverse. In this section, we address the
issue of when the inverse of a piecewise affine function is Lipschitzian on the range
(more generally, on an open connected subset of the range) of the function. This
study is motivated by some recent results of Stone [41], [42] (see the Introduction)
and those in [24], [25], [39] and [15]. Stone’s analysis is geometric and specially geared
towards the LCP. In this section, we extend Stone’s analysis to an arbitrary piecewise
affine function whose branching number is less than or equal to four.

We first state the necessary conditions.

THEOREM 4.1. Suppose that f € PA(R™ R"), int(ran f) # 0, and branching
number of f is less than or equal to four. If f=! is Lipschitzian or lower semicontin-
uwous on ran f, then the following hold:

(a) All the matrices corresponding to f are nonsingular.

(b) int(ran f) is connected.

(¢c) There is a natural number k such that |f~*(q)| = k for all q € int(ran f).

(d) When int(ran f) is simply connected, there exist functions g; : int(ran f) —

R"™ (i=1,2...,k) such that

(i) Each g; is piecewise affine and one-to-one;

(ii) The sets g;(int(ran f)) (i = 1,2,...,k) are disjoint, and
(iii) £7(q) = {91(0), 92(@); - .- 98(0)} for all q € int(ran ).

The proof of this theorem is based on the following propositions.

PROPOSITION 4.2. Suppose that f € PA(R™, R™), int(ran f) # 0 and branching
number of f is less than or equal to four. Let D be a nonempty open connected subset
of int(ran ). If f~1 is lower semicontinuous on D, then there is a natural number k
such that |f~1(q)| = k for all ¢ € D.

Proof. We assume the description of f given at the beginning of Section 2. For any
q* € D and z* € f~1(g*), there exists a matrix-vector pair (A;,a;) such that A;z* +
aj = ¢q*. Since A; € dof(z*), it follows from Corollary 3.3 that A; is nonsingular.
Since there are only K such matrix-vector pairs, we see that |f~1(¢*)| < K. Let

k.= -1 .
r;lglf @]

Fix a vector ¢* € D such that |f~1(¢*)| = k. We show that for all ¢ in a neighborhood
of ¢*, |f~'(q)| = k. To see this, let f~!(q*) = {z},23,...,z}} and observe that for
eachi=1,2,...,k, by Theorem 3.2, there exist neighborhoods U; of z} and V; of ¢*
such that f : U; — V; is one-to-one (actually a homeomorphism) and f~* : V; — Uj is
Lipschitzian. Without loss of generality, we may assume that these Ujs are disjoint.
Then for each ¢ in NY_,V;, f~1(g) has at least k inverse images (one in each U;) and
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hence (by the definition of k), exactly & inverse images. To see that this property
holds for all ¢ in D, we consider the set D; := {q € D : |f~!(g)| = k}. By the above
analysis, D; is nonempty and open in D. Since D is assumed to be connected, to
show that D; = D, it remains to show that D; is closed in D. To this end, let § be
an element of D which is on the boundary of Dy; let f~1(q) = {21, 22,...,2} where
I < k. Choose {q™} C D, such that ¢™ — g as m — oo. Then for each index 4, by the
lower semicontinuity of f~!, there exists a sequence z™ such that 2* € f~!(¢™) and
2™ — z; as m — co. We may assume without loss of generality that for each ¢, the
sequence {z"} is contained in a neighborhood Uj; of z; such that U;s are disjoint and
f is one-to-one on every U;. Now for each ¢ sufficiently close to ¢, f~*(g) contains
k elements; hence there exists ¢(™ € f~'(¢g™) such that (™ ¢ U!_,U;. The sequence
{¢™} is bounded as (™ = Aj_l(qm — a;) for some j € {1,2,...,K}. Without loss of
generality, we may assume that (™ — (. Since f(¢™) = ¢™, we have f({) = ¢. At
the same time, ¢ ¢ U!_, U; which is a contradiction since f~1(q) C Ut_, U;. We have
thus shown that D = Dy, i.e., for each ¢ € D, |f 1 (q)| = k. 0

An alternate proof of the above proposition can be given using covering maps.
Recall that a mapping f from a set X C R™ into a set Y C R" is a covering map
if each point y* in Y has a neighborhood V* such that f=(V*) splits into disjoint
sets U such that f : U} — V* is a homeomorphism [2]. A covering map is a local
homeomorphism. The converse holds (with |f~!(y)| < oo for all y € Y) under the
assumptions that Y is connected and f is a closed map (i.e., f maps closed sets to
closed sets) [6]. If £, in addition to being a local homeomorphism, is also proper, (i.e.,
the inverse image of a compact set in Y is compact in X), then |f~1(y)| is a finite
constant on Y, see [1], Corollary 1.4. (This result can be used to prove Proposition
4.2). Additional information can be obtained when X and Y are path-connected and
Y is simply connected. In this context it is known that a closed local homeomorphism
f from X into Y is necessarily a homeomorphism, see Theorem 2.3.6 in [37]. We shall
use this result in the next proposition.

PROPOSITION 4.3. Let f and D be as in the previous proposition. If D is simply
connected and f~! is lower semicontinuous on D, then there exist a natural number
k and functions g; (1 =1,2,...,k) such that

(i) Each g; is piecewise affine and one-to-one from D into R,

(i1) The sets g;(D) (i =1,2,...,k) are disjoint, and

(iii) f~H(q) = {91(2), 92(a); - - ., gx(q)} for all g € D.

Proof. WeletY :=D, X := f~1(D) and X; (i € A) be the connected components
of X. Then by Theorem 3.2, f is a local homeomormphism from X; to Y. Also, from
the nonsingularity of the matrices relevant to f : X; = Y (see Corollary 3.3), f is
proper and hence closed. Since X; is path-connected and Y is simply connected (by
assumption), we see that f : X; — Y is a homeomorphism. Let g; be the inverse
of this function. Since g;(q) € {AT (¢ — a1), 45 (g — a2),..., A% (¢ — ax)}, for all
g € Y, we see that g; is piecewise affine from Y into X;. Also, the sets ¢;(Y) (= X;)
as i varies over the index set A are disjoint. It follows that for any ¢ € Y, f~!(q)
consists of distinct elements g;(q) ( € A). The previous proposition proves that the
cardinality of A is &. O

Proof. (of Theorem 4.1.) Under the assumptions of the theorem, statement (a)
follows from Proposition 3.4. Proposition 2.2 gives (b). By taking D = int(ran f),
statement (c) follows from Proposition 4.2, and statement (d) follows from Proposition
4.3. a
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Now to recover the results of Stone, consider for a matrix M € R™*", f(x) =
Mzt — z~. In this setting, the nonnegative orthant is in the range and it is easily
seen by looking at all the orthants that the branching number of f is four. When
f~! is Lipschitzian on the range of f, statements (a) — (c) of Theorem 4.1 translate
into Stone’s results: M is nondegenerate, int(ran f) is connected, and M is an INS
matrix.

Remarks. In Theorem 4.1, the simple connectedness condition is imposed on
int(ran f) to get statement (d). Is this condition superfluous? We do not know the
answer even in the LCP setting. We may ask whether int(ran f) is simply connected
when all the matrices of f are nonsingular. An example due to Stone [43] shows that
the answer is ‘no’ for a general f; we suspect that the answer is ‘yes’ in the LCP
setting.

We now turn our attention to specifying sufficient conditions for f~! to be Lip-
schitzian on ran f. We have proved in [15] that for a polyhedral multifunction (it is
one whose graph is a finite union of polyhedral sets) with convex range, the open-
ness of the multifunction from the domain into the range is equivalent to the inverse
multifunction being Lipschitzian. The proof of this result goes through if the range,
instead of being convex, is Lipschitz path-connected [42].

DEFINITION 4. A nonempty set D C R™ is said to be Lipschitz path-connected
if there is a constant o such that given any two points a,b € D, there is a polygonal
path v joining a and b in D such that L(v;a,b) < alla — b|| where L(v;a,b) denotes
the length of v from a to b.

While convex sets are always Lipschitz path-connected, non-convex connected
sets need not have this property; a U-shaped unbounded set in the plane will serve as
an example. It can be easily shown that every piecewise affine function defined on a
Lipschitz path-connected set in R™ is Lipschitzian on that set.

Some modifications of Theorem 3 and Lemma 1 in [15] (see Appendix for a proof)
lead to the following result.

THEOREM 4.4. Let F be a polyhedral multifunction with domF C R™ and
ran F C R™. Suppose Y is a nonempty Lipschitz path-connected subset of ran F
and X := F~YY) :={z: F(z)NY # 0}. Then (a) = (b) where

(a) F~1 is lower semicontinuous on Y and

(b) F~' is Lipschitzian on Y.

Remark. Although the reverse implication (b) => (a) in the above theorem may
not hold for a general Y, we note that F~1 is lower semicontinuous on ran F' whenever
it is Lipschitzian on ran F.

The proof of Theorem 4.4 depends on the following technical lemma which may be of
independent interest.

LEMMA 4.5. Let F be a polyhedral multifunction, Y a nonempty subset of ran I,
and X := F~Y(Y). Suppose that condition (a) of the above theorem holds. Then there
erists a positive number 3 (depending only on F') such that for any two points p* and
g* in'Y with the line segment [p*,q*] CY, we have

F~'(p*) CF qg") + Bllp* — ¢*||B-

We are now ready to state our sufficiency result.
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THEOREM 4.6. Suppose for an f € PA(R", R")

(1) the matrices corresponding to f are nonsingular,

(2) =1 is lower semicontinuous on int(ran f), and

(8) int(ran f) is Lipschitz path-connected.

Then f~' is Lipschitzian on ran f.

Remarks. In the previous version of the paper, we obtained the same conclusion
under much more restrictive assumptions. In addition to (1)-(8) above, we assumed
that the branching number of f is less than or equal to four, and that int(ran f) is
simply connected. Thanks to the suggestions of a referee, we now have the above
stronger formulation. Note that except for condition (8), the other two conditions are
necessary for f~! to be Lipschitzian on ran f.

Proof. (of Theorem 4.6.) We apply Theorem 4.4to F' = f withY = int(ran f), so
(2) implies that f~! is Lipschitzian on int(ran f). We now show that in the presence
of (1), this gives the Lipschitzian property of f -1

Let C denote the Lipschitzian constant of £~ on int(ran f). By a result of
Robinson [33], there exists a positive number A such that for each ¢ € ran f, and for
some neighborhood V' of ¢ it holds

FH@) < FHa) + Mg - qllB
for all § € V. We now put
L :=2C + [max||A]|]]C? + (C + \)C

where max || 4| denotes the maximum of norms of matrices defining f.
Fix p and ¢ in ran f. We show that

() F7'p) € FH@) + Lilp - 4l B-

Let z € f~1(p), let Q) be one of the polyhedral sets appearing in the definition of f that

contains z, and let f(z) = Az +a = p. Pick Z € int Q with ||z — Z|| < C||[p—g||. Note

that p i= f(z) € int(ran ) (because of (1)) and |[p—pl| = | A(z—2)[| < C||All[Ip=dll
Now, there exists a neighborhood V' C ¢ + C||p — ¢|| B such that

A CfHe)+AMg—gllB forall geV.

Since the matrices of f are nonsingular, we can take a § € V Nint(ran f) so that this
g satisfies the previous inclusion and ||§ — ¢|| < C||p — ¢||. By assumption,

@ @+ Clip—allB

and so corresponding to Z in f~1(p), there exists a § € f~(g) and y € f~*(¢) such
that ||z — || < C||p - @]l and ||§ — y|| < Allg — |-
We now have

lz — 2| + (|12 — gll + |7 — ]l

Cllp = qll + Cllp — qll + M7 — gl

Cllp—gll + CIIp = pll +llp — gll +llg — all] + Allg - gl
2C||p — qll + [|AlIC?|lp — qll + (C + M)17 — 4l

Lilp - qll

proving (7). This completes the proof of the theorem. O

|z — yl|

INIAIAIN A
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In the context of LCP, based on the mapping f(z) = Mz™ — z~, Stone [42] has
shown that f~! is Lipschitzian on ran f if M is nondegenerate, is in the INS class,
and int(ran f) is Lipschitz path-connected. In other words, he obtains the conclusion
of the above theorem (for the LCP) by replacing condition (2) by

(2') For some natural number k, |f~1(q)| = k for all q € int(ran f).

It is not known if the same is true in the general setting. It is also not known if
the Lipschitz path-connectedness condition on int(ran f) can be removed in the LCP
setting as well as in the general setting. We end this section by noting a result of Luo
and Tseng [21] which says that in the context of LCP, the solution map ¢ — SOL(M, q)
is Lipschitzian on the set of all solvable gs if and only if for every solvable g, for every
z € SOL(M,q) and for every nonzero w € R" satisfying SOL(M,q + ew) # 0 for
¢ > 0 sufficiently small, it holds that d(z,SOL(M, ¢ + ew)) — 0 as € — 0. This result
is proved by considering the piecewise affine function R(a,q)(z) = max{z, Mz + q}
and without any assumption on the set of solvable gs. It will be interesting to see the
connections between this result and results presented in our paper.

5. Appendix. In this section we present the proofs of Lemma 4.5 and Theorem
44.
Let us recall (see [15]) that for a polyhedral multifunction ¥, GraphF = Uf:l G
where each G; is a nonempty polyhedral set in R™ x R™. With II; and II; denoting
the usual projections onto R™ and R™, we have dom F' = Ule I, (G;) and ran F =

U].T:1 A; where A;s are distinct and {Aq,...,Ar} = {IIx(G;) : 1< j < L}

Before providing the proofs of Lemma 4.5 and Theorem 4.4, we record an equiv-
alent formulation of the condition (a) of Theorem 4.4. The result formulated below
may be considered as a global version (for a multifunction) of Proposition 2.1. It
follows immediately from Prop. 1.4.4 of [4].

PROPOSITION 5.1. Let F be a multifunction with dom F C R"™ and ran F' C R™.
Suppose that Y is a nonempty subset of ran F and X := F~1(Y) = {z: F(z) NY #
(0}. Then the following are equivalent:

(a) F~1 is lower semicontinuous on Y.

(a') For any set E open in X, F(E)NY is open in Y.

Proof. (of Lemma 4.5.) First we describe 3. For each j, the mapping y
G; NTI;'(y) is Lipschitzian by a theorem of Walkup and Wets [45]. Since II; is
nonexpansive, it follows that y — II;[G; N TI; ' (y)] is also Lipschitzian; let 3; denote
its Lipschitzian constant. We put 8 := max; ;.

Assume that p* # ¢*, otherwise there is nothing to prove. Let p? = p*,2° €
F~1(p°), and Ty be the collection of all G;s containing (z°, p°). Since Iy is finite and
all the Gs are closed, there exists an open set U x V in R™ x R™ such that

(°,p") e UxVn{(z,p):z€ F'(p),peY }C U G;.
Gj€lo

This implies that

P el ({(@,p):ze Fi(p)nU,pevVnY}) C |J Ma(Gy).
G;eTly
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Thus,

pe(VNY)NFUNX)C U A;.
A,‘E{Hz(Gj):GjEFo}

Observe that condition (a) of Theorem 4.4 {assumed in the formulation of Lemma
4.5) implies, via Proposition 5.1, that the set (VNY)NF(UNX) is open in Y. Since
[1°,¢*] C Y, it follows that the open segment (p°, ¢*) must intersect at least one such
A;. Among all such A;, we select one which contains the “maximal” subinterval of
[p°, ¢*]. To be more specific, let o denote the maximum of real numbers ¢ € (0, 1) with
the property that the line segment [p°, (1 —t)p® + t¢*] is contained in some A; (which
is of the form IIy(G;) with G; € Ty). This to is positive, and because A;s are closed
and convex, there is some A; which contains the interval [p°, (1 — to)p° + tog*]. Let
AC denote such a A; so that for some G° € T'y we have A° = [I3(G°). The element
pl o= (1 = to)p® + tog* € TIo(GP) and so the set GO NII5 ' (p') is nonempty. Now
obviously, z° € II;[G® N TI;*(p°)] and the inclusion

L [G° NI (p°)] € IM[G° N1 (p)] + Bllp* - p°IIB

shows that there exists an 2! € IT)[G® N TI; *(p')] such that ||z° — z*|| < B||p° — p*|I-
Clearly, (z',p') € G° and hence p' € F(z!). (Note that p' € YV, 2! € X and of
course, (z°,p°) € G°.) If p' = g¢*, we are done. If p! # ¢*, starting with z' and
p', we repeat the above process to generate T, t;, AJ, G7, pP™! € (p°,¢*], and 2/ **
for j = 1,2,.... We have p/ € Y, 2/ € F~1(p%), {(z7,p’), (7!, pP ™)} C G7 and
|27 — 29| < Bl|p? —p’*|| for each j. We now show that this process must stop in at
most T steps. Since at each step the number t; is positive, it follows from convexity
that A7 is different from all the previous A* (0 <4 < j —1). Thus at each step a new
A is generated. Since there are at most T such As, the process must terminate in {
steps with [ < 7. The inequalities

-1 -1

12® — '] < Y[l =T < B Y~ P = Bllp* - ¢l

prove
F~'(p*) CFHg") + Bllp" - ¢"lB.
This completes the proof of Lemma 4.5. O

Proof. (of Theorem 4.4.) Assume (a) and let p,q € Y. There exist points
Do = P,..., Pk := ¢ such that [p;,p;11] € Y and L(v,p,q) < allp — g|| where v is
a polygonal line joining p and q via py,...,pk—1. Let o € F'(po); by Lemma 4.5
there exists z; € F~!(p1) such that

llwo — 1]l < Bllpo — pull-

We repeat the same procedure for the intervals [p1,p2],- - -, [pk—1,Px] in order to get a
sequence of points z; € F~!(p;) such that ||z;—; —z;|| < Bllpj—1—pjl| for 1 <j <k.
Hence,

k k
llwo — zill <3 lwg—1 — 251l S B lIps—1 = pill = BL(v,p.0) < aBllp — gl

=1 =1
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proving the inclusion F~!(p) C F~1(q) + af||p — ¢||B. Thus we have (b). 0
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