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1 Introduction

The class of real square matrices with all principal minors positive was introduced by Fiedler
and Ptdk [1]. Such matrices have wide ranging applications, particularly in matrix theory
and optimization; see e.g., [2]. It is well known that this positive principal minor property
can also be described by the nonsign-reversal property as well as the uniqueness of solution
in all corresponding linear complementarity problems [3].

In [4], this nonsign-reversal property was extended to linear transformations on sym-
metric cones in Euclidean Jordan algebras. In a recent and very interesting paper, Chua
and Yi [5] showed that this extended nonsign-reversal property is equivalent to a condition
described entirely in terms of the norm and spectral decompositions of elements of the Eu-
clidean Jordan algebra. They also introduced, for nonlinear transformations, a property —
called the uniform nonsingularity property — by replacing the spectral decompositions by
Peirce decompositions and further showed that under this property, one obtains uniqueness
of solutions in the corresponding symmetric cone nonlinear complementarity problem. In a
subsequent paper [6], Chua, Lin, and Yi raise the question of converse. In this paper, we
consider this uniform nonsingularity property for linear transformations and prove several
results: We show that this property is inherited by all principal subtransformations, and on
simple algebras it is invariant under cone automorphisms and implies global unique solv-
ability in all related symmetric cone linear complementarity problems. We finally answer
Chua, Lin and Yi’s question in the negative.

The organization of the paper is as follows. In Section 2, we recall/introduce basic
definitions, concepts, and notation needed in the paper. Section 3 deals with the inheritance
of the uniform nonsingularity property by principal subtransformations. In Section 4, we
investigate the invariance of the uniform nonsingularity property under cone automorphisms
and study the ultra nonsign-reversal property as a consequence of the uniform nonsingularity
property. Section 5 deals with a necessary condition for the uniform nonsingularity property

on 8". Finally, Section 6 concludes the paper.

2 Preliminaries

2.1 Euclidean Jordan Algebras

We briefly recall some concepts and notation used in this paper. Most of these can be found
in [7] and [4].

A Euclidean Jordan algebra is a triple (V, o, (-,-)) where (V, (-,-)) is a finite dimensional
inner product space over R and (z,y) — zoy : V x V — V is a bilinear mapping satisfying

the following conditions for all z and y: zoy = yox, xo (z2oy) = 22 o (x o y), where
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2?2 :=xozx,and (xoy,z) = (y,z02). In addition, we assume that V has an element

e € V—called the unit element—satisfying x oe = x for all x € V.

A Euclidean Jordan algebra is said to be simple if it is not a direct sum of two Euclidean
Jordan algebras. It is well known that any Euclidean Jordan algebra is a direct sum of simple
Fuclidean Jordan algebras and every simple Euclidean Jordan algebra is isomorphic to one
of the following:

(i) The Jordan spin algebra L™ for n > 1.
(ii) The space 8™ of all n x n real symmetric matrices.
(iii) The space H" of all n x n complex Hermitian matrices.
(iv) The space Q" of all n x n quaternionic Hermitian matrices.
)

(v) The space O3 of all 3 x 3 octonionic Hermitian matrices.

Throughout this paper, we let (V, o, (-,-)) denote a Euclidean Jordan algebra of rank r.
The symmetric cone of V' is the cone of squares K := {xox : x € V'}. We use the notation
x>0 (z > 0) when z € K (respectively, = € interior(K)).

An element ¢ € V such that ¢ = ¢ is called an idempotent in V; it is a primitive
idempotent if it is nonzero and cannot be written as a sum of two nonzero idempotents. We

say a finite set {e1,ea,...,e,} of primitive idempotents in V is a Jordan frame if

'
e;oe; =0if 7 # j, and Zei:e.
1

The spectral decomposition For any = € V), there exists a Jordan frame {ej,...,e,}
and real numbers Aq,..., A, such that x = Aje; + --- + A\.e,.. The numbers \; are called
the spectral eigenvalues of x. We say that an element x is invertible in V if all its spectral
eigenvalues are nonzero.
The Peirce decomposition Fix a Jordan frame {e1,ez,...,e,.}in V. Fori,j € {1,2,...,r},
define the eigenspaces

Vii={x eV :xzoe =z} =Re

and when i # 7, .
Viji={zeV:izoe= iac:a:oej}.

Then we have the following
Theorem 2.1 ([7], Theorem IV.2.1) The space V s the orthogonal direct sum of spaces
Vij (1 <j). Furthermore,

Vij o Vij C Vii +Vjj,

V%j ijk C Vi ’ifi 7é k, and

Vij o Vie = {0} if {i,j} N {k,1} = 0.



Thus, given a Jordan frame {ej,eq,...,e,}, we can write any element x € V' as

€r = E Lig,
1<i<j<r
where z;; € V;;. This expression is the Peirce decomposition of x with respect to

{e1,e2,...,e,}. For any given idempotent ¢ € V,
Vie,1):={x eV :zoc=uz}

is a subalgebra of V' (Proposition IV.1.1 in [7]).

Lyapunov transformation and quadratic representation For a given a € V', the Lya-
punov transformation L, and quadratic representation P, : V — V are defined, respectively,
by

Ly(z)=aox and Py(z) :=2a0 (aox)—a?oz.

We say that two elements x and y operator commute if LyL, = LyL,. It is known that
x and y operator commute if and only if  and y have their spectral decompositions with
respect to a common Jordan frame (Lemma X.2.2 in [7]).

Principal subtransformation Given a linear transformation L : V' — V and an idempo-

tent ¢ € V, the transformation L: Vi(e,1) — Ve, 1), given by
L(z) = Oy (e L(z) = P.L(x),

is called a principal subtransformation of L. Here Ily () = P represents the orthogonal
projection mapping onto V'(c,1) ([7], p.64). The determinant of L is called a principal
minor of L. We say that L has the principal minor property if every principal minor of L
is positive.

Automorphisms A linear transformation A : V' — V is said to be an algebra automor-
phism if A is invertible and A(zoy) = A(z) o A(y) for all z, y € V. A linear transformation
I': V — V is said to be a cone automorphism if I'(K) = K. The set of all automorphisms
of V (of K) is denoted by Aut(V) (respectively, Aut(K)).

2.2 P, UNS, and Complementarity Properties

Throughout this paper, we assume that L : V — V be a linear transformation. Given L on
V and ¢ € V, the linear complementarity problem, LCP(L, K, q), is to find an € V such
that

re€K,y=L(z)+q€ K, and (x,y) =0.

Definition 2.1 Given L on V, we say that L has/is



(a) the monotonicity (strict) propertyiff (L(x),xz) > 0 (respectively, > 0) for all 0 # x € V;

(b) the uniform nonsingularity property (UNS-property) iff there exists a > 0 such that
for any Jordan frame {ej,ea,...,e,} in V, any x € V with its Peirce decomposition
T=) e ; Tij (with respect to the given Jordan frame), and any nonnegative matrix
D =[d;j] € S,

[1L(z) + D e x| > aflz], (1)
where, D e x := Eigj dijTij;
(c) the P-property iff

x and L(x) operator commute 0
z=0;
xoL(x)<0

Note: This is the nonsign-reversal property mentioned in the Introduction.

(d) the ultra P-property iff for any I' € Aut(K), every principal subtransformation of
L :=TTLT has the P-property;

(e) the globally uniquely solvable (GUS )-property iff LCP(L, K, q) has a unique solution
forall g e V;

(g) a Lyapunov-like transformation iff

z,y € K and (z,y) =0= (L(z),y) = 0.

Remark 2.1 The P-property is a generalization of the standard P-matrix property, see [3].
The P-property on S” first appeared in [8] in connection with Lyapunov transformations;
our definition given above comes from [4]. For the P-property on £", see Tao’s dissertation
[9]. In [5], Chua and Yi show that the above P-property is equivalent to the following norm
condition: There exists an « > 0 such that for every x € V with spectral decomposition

x =) x;e; and for all d; > 0 (in R),
IL(x) + ) dizieil| = allz]).
i=1

Specialized to the algebra R™ (with the componentwise product as the Jordan product and
the usual inner product), this result gives a new characterization of P-matrices in terms of
the norm: M is a P-matrix if and only if there is an o > 0 such that for all z € R™ and for

all nonnegative diagonal matrices D in R™*",
|Mx + Dz|| > allz| VzeR"™ (3)
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Remark 2.2 (1) The ultra P-property first appeared in the form of so-called Py-property
in 8™, see [8], and later in [10], once again for S™. For the present formulation and related
properties, see [11].

(2) The GUS-property is a generalization of the P-property for matrices on R", see [4].
(3) Lyapunov-like transformations are particular instances of the so-called Z-transformations,
see [12] for details.

3 Inheritance of the UNS-Property by Principal Subtrans-

formations

Proposition 3.1 The linear transformation L on V has the UNS-property if and only if

there exists an o > 0 such that for any Jordan frame {e1,ea,...,e,} inV, any x € V,
i 12 lys 1> = (i, yig)?
)> Il + 3 S s o2, (4
{(0.9):(wi,9i5) >0, w35 #0} {(.4):(@i5,15) <O} “

where x =}, xij and y := L(x) = >, ; yi; are the Peirce decompositions with respect to

{61,62,...,67«} .

Proof. Assume that L have the UNS-property. Fix a Jordan frame {ej, es, ..., e, }, element
x, and y = L(x) with their corresponding Peirce decompositions. Using the orthogonality

of the Peirce spaces, the inequality (1) reads:

D Ngis + dijwis|)* > o®|2||* for all dij > 0. (5)

1<j
Expanding a typical term on the left-hand side of the above inequality, we get
5 + digzag|* = lyisll® + 2dij (g, yig) + ||| *d3;-

Using elementary algebra, we obtain

i I if [|lzy]* = 0,
. ij 2 ij 2— ij:Yig 2 :
nin {lyi; + dijyg|* = § 12l “y”Ja‘C‘ij”;x] Uil it lagj|1? # 0 and (x4, i) < 0,
15 =
i 11 if [lzif]|* # 0 and (zij, yi;) > 0.

As a consequence, (5) is equivalent to:
a1l 1> — (i, vis)°
Sl Y sl ol el (o
{(1.9):(wij13) >0} {(09): (@i yi3) <0} Y
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We will show that this inequality reduces to (4) by proving that the terms in the first
summation in (6) corresponding to the indices with x;; = 0 can be dropped. To this end,
fix a pair (4, j) with x;; = 0. With v = L(y) and € > 0, we define the following sets within
{(i,j):1<i<j<rk

I. = {(Z,]) : <(5U - 5y)ijv (y - eu)ij> > O}a
A=1.0{(i,7) : xzij =0},
=N {(Z,]) z;; = 0},
D = IC N {( P X %+ 0},
where IS = {(i,)) : ((x — €y)ij, (y — eu)ij) < 0}. As these index sets are finite, we may
consider a sequence € | 0 such that all I, are identical. For notational convenience, we

write € — 0 to mean ¢ | 0. As « in the inequality (6) is independent of z and y, we may

replace by  — ey and y by L(x —ey) =y — eu in (6) to get
Dy —ewi? + Y Iy — ewis®
A B

(@ = gl — u)iglP = (@~ e9)iss (v = w)i)
2> ey — ey lP ™

2

2:” ey)ijlI* Ity — ew)is|* — (& — ey)ij, (y — ew)ij)*

> oz — ey*.
|2ij — eyij||?

Now we consider the behavior of each of the above terms when ¢ — 0.

For (i,7) € A, (zij — €yij, yij — €uij) > 0. Since z;; = 0, we have —||y;;||* + £(vij, uij) > 0,
hence by letting e — 0, y;; = 0.

For (i,7) € C, (zij — €yij, Yij — €usj) < 0, and so y;; # 0; Whence

10 — eyis||?[|yi; — euisl|? = (0 — eyij, yij — euiz)?
2|y |2

(Yiis Yij — ettif)?
=llyij — eyl — =Z HZ;HHQ L = g ? = Ny
1J

1?=0

Therefore,

Sy — el = > lwisl* =0, ZH (y —eu)ij*> — Znymi?

A A
3 (2 —ey)ijI* | (y — ew)i;|I* — (= — 5y)ija (y —ew)i)* 0.

i — eyisll?

c
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and

> (= — e)is Il (y — ew)is 1> = (& — ey)ij, (v — ew)ij)?

|2ij — eyij||?

D
-y i1 |yis11? — (g, ig)?
= 512

In summary, when € — 0, the inequality (7) becomes

2112 — o \2
ZHyUH2+Z wa” Hyl]H 2<xl]7ylj> > 042”1'”2. (8)
4 . B

Observe that as ¢ — 0, (4,7) € B implies (x;;,yi;) > 0 and z;; # 0.

Similarly, (¢,7) € D implies (z;5, ;) < 0 and z;; # 0. Now, we have D = D; U Dy, where
Dy := {(i,j) € D : {zi5,yi;) < 0} and Dy = {(4,5) € D : (xij,yi;) = 0,2;; # 0}. Thus, (8)

becomes s I2lyial? — (@i, i)?
e Pl 2 — (o
D Mgl + 3T £l 2 el
B D K Dy
Hence,
i 2l 12 — (g, vi)?
D gl + 30 R > ool
BUD- D1 v
Now,

BUDy C {(i,7) : (wij, yij) = 0,245 # 0} and D1 C {(,7) : (wij,yi5) < 0}.
Thus, the above inequality implies
i 1 lyisI® = (2ij, yij)?
> 2+ > L > e
{(8.9):(@sj i) >0, w4570} {(i,):(wij,yi) <O} "

This proves that the UNS-property implies (4). Since the inequality (4) implies (6), the

converse implication is obvious. O

Remark 3.1 We note that (6) and (4) are similar except that in the first summation of

(4), we consider only those y;; for which the corresponding x;; # 0.

Corollary 3.1 ([5], Proposition 4.4) Suppose L : V' — V have the UNS-property. Then L
has the P-property.

This can be seen as follows: Let x and y = L(z) operator commute and x o L(x) < 0. Write
the spectral decompositions z = )] z;e; and y = > yie; (so that z; = x;e;, etc.). When
x # 0, using (4), we get
> lyiill> = o],
{i: 293 le:]|2>0, z;7#0}
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which implies y; # 0 for some i with 2;y;|le;||* > 0 and x; # 0. Thus, z;y;|le;||* > 0, which
contradicts the fact that z oy < 0. Hence, x = 0.

Theorem 3.1 Suppose that L have the UNS-property. Then every principal subtransfor-
mation of L also has the UNS-property.

Proof. For any idempotent ¢ € V, we consider the subalgebra V(c,1). Recall that the

principal subtransformation of L, determined by ¢ and defined on V' (¢, 1), is given by
L(z) = My (e L(x) = PeL(z),

where Ily (. 1) represents the orthogonal projection onto Ve, 1).

Given any Jordan frame {ej,es,...,ex} in V(c, 1), we extend it to a Jordan frame
{e1,ea,...,e,} in V. For any x € V(e,1) and y = L(x), we write the Peirce decompositions
with respect to {e1,e2,...,¢e,}:

T = Z xr;; and y= Z Yij-
1<i<j<r 1<i<j<r

By Lemma 20 in [4], z;; = 0 for any index (7, j) outside of the set {(4,75):1 <7 <j < k}.
We also have § := L(x) = Pe(y) = > _1<;<j<k ¥ij - Since L has the UNS-property, Propo-
sition 3.1 indicates that in (4) we can ignore terms y;; with indices (4, j) outside of the set
{(i,7) : 1 <1 < j < k}. This means that we have an inequality of type (4) now for L on
V(e,1). This precisely means that L has the UNS-property. |

Corollary 3.2 For any linear transformation L on V, consider the following statements:
(a) L has the UNS-property.
(b) All principal subtransformations of L have the P-property.
(c) L has the positive principal minor property.

Then (a) = (b) = (c).

Proof. The implication (a) = (b) follows from Theorem 3.1 and Corollary 3.1.
The implication (b) = (c) follows from the fact that every P-transformation has positive

determinant, see Theorem 11 in [4]. O



4 Cone Invariance and the Ultra P-Property of
UNS-Transformations

Theorem 4.1 Suppose V' be simple and L have the UNS-property. Then for anyT' € Aut(K),
I'TLT also has the UNS-property.

Proof. First, we show that VA € Aut(V), ATLA has the UNS-property. Towards this, fix
a Jordan frame {ej,eq,...,e,}, an element x with the corresponding Peirce decomposition
x =) x5, and dj; > 0 in R.

Fix A € Aut(V). Then {A(e1),A(e2),...,A(e,)} is a Jordan frame in V' and

A(x) = )" A(zij) is the corresponding Peirce decomposition of A(x). Now,

IATLAz) + ) dijays|| = [AT(L(A®)) + ) dijay)

IATHL(A(®) + > digAlwip)]| = [IL(A@)) + D dijA(as;)|
alA(@)]| = allz].

v

Here, the third and the last equalities are due to the fact that in a simple algebra V', every
A € Aut(V) is an orthogonal transformation (see [7], p.56), and the inequality holds because
of the UNS-property of L. This proves that AT LA has the UNS-property.

Next, we show that for every a invertible in V', P,LP, has the UNS-property.
We consider two cases: First assume that the spectral decomposition of a is given by

a =Y jae;. Then (see [13])

-Tij

Pa(l‘i]’) = Q;A;T45 and Pa_l(.%‘ij) = .
aiaj

1
Let z := P,(x) and |P; Y| = o Then,
[(PaLPa)(x) + ) dijwj|
1Pa[L(Pa(x)) + Pyt O dijwig)ll| = ellL(Pa()) + Py ' (O dijij) |
+Z z) +Z (aiaj)QZij

a; J
callz]| = cal Pa(@)]| = ozl

v

Now suppose that the spectral decomposition of a be given by a = Y., a;fi, where

{f1, f2,. .., fr} is some Jordan frame in V. Then, as V is simple, there exists a A € Aut(V)
such that f; = A(e;) for all i. Let b:=)_ a;e;, so a = A(b). Observe that

Py = Pygy = ABAT!
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Now, by what has been proved earlier, L:=A"1LA = ATLA has the UNS-property (with

no change in the constant «). In addition, by the above case,

I(P,LP)(x) + ) dijag|| > allz]],

|| = 1. Thus, we have,

where now ||P,” :

IP.LPy(2) + ) dijwis|| = [[ARBA™ LAPA ™ (2) + ) dijas |

= AZA Y (@) + S digagl] > Bl

where the constant 8 depends on « and the norm of bel. Here, E = P,(A~'LA)P, and the
last inequality comes from the inequalities proved earlier for algebra automorphisms.
Finally, consider I' € Aut(K). As V is simple, we may write ' = P,A for some
A € Aut(V) and a > 0, see [7], p.56. Now, ' LT’ = AT(P,LP,)A. By the above special
cases, I'T LT also has the UNS-property. O

Theorem 4.2 Suppose that V' be simple and L have the UNS-property. Then L has ultra
P and GUS properties.

Proof. Consider any I' € Aut(K). By the previous theorem, I'" LT has the UNS-property.
By Corollary 3.2, every principal subtransformation of 7 LT has the P-property. This
proves that L has the ultra P-property. Since the ultra P-property implies the GUS-
property, see Theorem 6.2 in [11], we have the stated conclusion. O

The following result shows that in a number of situations, the UNS-property reduces

to strict monotonicity.

Corollary 4.1 L has the UNS-property if and only if L is strictly monotone under each

of the following conditions:
(a) L is self-adjoint.
(b) L is Lyapunov-like.

Proof. We know that strict monotonicity implies the UNS-property (see Theorem 3.1
in [6]). Now assume that L has the UNS-property. Then it has the P-property and the
positive principal minor property (by Corollary 3.2). In particular, all real eigenvalues are
positive (see Theorem 11 in [4]) and (L(c),c) > 0 for all primitive idempotents (which can
be seen by considering principal subtransformations of L on V(¢,1) = Re¢). When L is

symmetric, all eigenvalues of L are real and hence positive, leading to strict monotonicity.
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When L is Lyapunov-like, for any 0 # = € V with its spectral decomposition z = >_;_, x;e;,

we have . . .
(L(z),z) = (L) _mies), > wies) = ¥ a7 (Lle;), ;) > 0.
i=1 i=1 i=1
Hence, L is strictly monotone. O
Remark 4.1 The above result applies to the following transformations:
e [, - the Lyapunov transformation associated with an element a € V/,
e P, - the quadratic representation associated with an element a € V,
e L, on 8" defined by L(X) := AX + X AT.
The first two transformations are self-adjoint, the last one is Lyapunov-like on 8™ (see [12]).
It is known that
(i) Lg is strictly monotone if and only if a > 0, see, e.g., [13], Proposition 4,
(ii) P, is strictly monotone if and only if +a > 0 when V is simple, see [12], Theorem 6.5.
It is also known (see [8]) that L4 is/has
(i) Strictly monotone if and only if A is positive definite,

(ii) the P-property if and only if A is positive stable, i.e., all its eigenvalues have positive

real parts,
(iii) the GUS-property if and only if A positive stable and positive semidefinite.

Thus, according to Corollary 4.1, L4 has the UNS-property on 8™ if and only if A is

positive definite. Now, consider the matrix

A:[_ﬁ].

This is positive stable and positive semidefinite, but not positive definite. Thus L4 has the
GUS-, but not the UNS-property. This answers the question posed in [6] in the negative
(see also Remark 6.1 (a) in [11]).
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5 A Necessary Condition for the UNS-Property on §”

Given a linear transformation L on 8", it is difficult to verify whether L has the UNS-
property or not. In this section, we formulate a simple necessary condition for the UNS-
property in terms of the matrix induced by the transformation.

Consider the canonical Jordan frame {Ej, Fs,...,E,} in 8", where E; is the matrix
with one in the (4,4) slot and zeros elsewhere. With respect to this, any element X € S”
will have its Peirce decomposition given in the usual matrix form X = [z;;]. By considering
the elements of X that are on or below the diagonal, we can create a column vector

Vech(X) := [@11 221 -+ @Tp1 T22 -+ Tn2 -+~ xnn]T

n(n+1)
The mapping X — Vech(X) creates a linear isomorphism between S™ and R~ 2~ . Because

of this, any linear transformation L : §™ — S can be considered as a linear transformation
n(n+1)

on R 2. Thus, it can be represented (with respect to the standard basis) as a matrix
n(n+1) _ n(n+1)
MeR =z *" 2 . Wecall M, the matrix induced by L.

Proposition 5.1 Suppose L : ™ — 8™ have the UNS-property. Then its induced matrix

1s a P-matriz.

Proof. By our assumption, for the canonical frame in 8™, we have
LX)+ Y dyail > ol X|| Vdi; >0, VX = [2;] € ST,
1<i<j<n
which implies

|| M Vech|xz;;] + Vech[d;;] * Vechlz;;]|| > B Vech[z;]|]

for some 8 > 0, for all d;; > 0, and for all matrices X € S". Since this inequality is like
(3), by Lemma 4.1 in [5], M is a P-matrix. O

Example 5.1 As an illustration of the above, consider the linear transformation
L:8? — S? given by

I wy]: ar +by —bx
Yz —br cy+dz
hen
T a b0 x
M|ly|l=]|-b00 Y
z 0 cd z

Since Msy = 0, M is not a P-matrix, hence L does not have the UNS-property. When
a>0,d>0,and b # 0, L has the P-property (see Example 5.2 in [11]). Thus, this example
shows that

13



the P-property need not imply the UNS-property.

Example 5.2 As a second illustration, consider L € Aut(£3). Then (recalling that the

underlying space of £3 is R?), L =

10
, where D =
D

d] is an orthogonal matrix (see
c

[11]). Corresponding to this, we define the linear transformation L=G'LG:S? - S2,
where
G ryl [az—kz,x—z’y]T
y = 2 "2

maps S? to £3. An easy calculation shows that

~ [a} y] () +by c(PF) +dy
L: —

v (%) +dy 55— [a(t7) + byl

For this E, the induced matrix M is given by

555 +a () + by 5 b
xr T
Miy|=| et ra | =| 5 4 -
& Ttz T—z b lma _p lta &
2 [a( 2)+ y] 2 2

Since D is an orthogonal matrix, we consider two cases:

ab cosf) sinf . . ~ .
Case 1: D= = . Thus, the induced matrix of L is

cd sinf — cos6
14+cosf . 1—cosf
52 sinf 5
— sinf __sinf
M = 5 cos 0 5
l1—cosf _ 1+cosf
5 sinf =5

Now suppose that L has the UNS-property on £3. Then, because S? and £3 are isomorphic,
L has the UNS-property on S?. By Proposition 5.1, the induced matrix of L must be a
P-matrix. Thus, M is a P-matrix, so May = —cosf > 0, and

14+cosf 1—cosb

2 2 _
0 < det [ —cosd 14e0sd ] = cos 0.
2

2

This contradiction indicates that Case 1 cannot happen.
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b 0 sinf ~
Case 2: D = [a ] = [ cosY s . Hence, the induced matrix of L is

cd —sin# cosf
1+cosf : 1—cosf
P2 sinf =927
_ sin 6 sin 6
M= | —%5 cos 7
l—cosf sin @ 1+c205 0

Suppose now that L has the UNS-property on £3. Then again, the induced matrix of L

must be a P-matrix. Thus, Mss > 0, that is, cosf > 0. This implies that
2cosf O

0 2cosf
strictly monotone). As strict monotonicity implies the UNS-property, we have arrived at

D+ DT =

] is positive definite. Hence, L on R? is positive definite (that is,

the following:

An algebra automorphism of L3 has the UNS-property if and only if it is strictly

monotone.

It would be interesting to see if such a result holds in any £™.

6 Concluding Remarks

In this paper, we showed that the UNS-property is inherited by the principal subtransfor-
mations and, on simple algebras, it is invariant under the action of cone automorphisms. We
also proved that on simple algebras, the UNS-property implies the GUS-property. These

results allowed us to answer the question of Chua, Liu, and Yi [6] in the negative.
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